Interactions between
quantum probability and operator space theory

Quanhua Xu

0 Introduction

It is well-known that probabilistic methods are important methods in Banach space theory. As
operator spaces are quantized Banach spaces, one would naturally expect that quantum probability
should play a non negligible role in the young operator space theory. This is indeed the case. In
fact, quantum probability and operator space theory are intimately related and there exist many
interactions between them. For instance, the recent remarkable development of noncommutative
martingale inequalities is directly influenced and motivated by operator space theory. In particular,
the establishment of the noncommutative Doob maximal inequality by Junge [J1] is inspired by
Pisier’s theory of vector-valued noncommutative L,-spaces. On the other hand, the noncommuta-
tive Burkholder/Rosenthal inequalities can be used to determine the linear structure of symmetric
subspaces of noncommutative Ly-spaces (see [JX]). The recent works of Pisier/Shlyakhtenko [PS]
on the operator space Grothendieck inequality and of Junge [J2] on the complete embedding of O H
into a noncommutative L1 are two more beautiful examples of illustration of these interactions.
Certain Khintchine type inequalities are key ingredients in both works.

It is clear today that quantum probability is of increasing importance in operator space theory.
We will try to convince the reader of this in this course by presenting a very brief aspect of
interactions between the two theories. Our presentation is around Khintchine type inequalities. In
consequence, noncommutative Ly-spaces are at the heart of these lectures.

This course can be divided into three parts. The first one gives a brief introduction to operator
space theory. We start with a short discussion on completely positive maps between C*-algebras in
order to prepare the introduction to operator spaces and completely bounded maps. Our introduc-
tion to operator spaces begins with concrete operator spaces, i.e., those which are closed subspaces
of B(H) and the Haagerup-Paulsen-Wittstock factorization theorem for completely bounded maps,
which should be understood together with its predecessor, Stinespring’s factorization theorem for
completely positive maps. We then pass to Ruan’s fundamental characterization of abstract op-
erator spaces. It is Ruan’s theorem that allows us to do basic operations on operator spaces such
that duality, quotient and interpolation. Meanwhile, some important examples of operator spaces
are given, including column space C, row space R and Pisier’s operator Hilbert space OH. This
first part ends with an outline of Pisier’s vector-valued noncommutative L,-spaces. We concentrate
here only on Schatten classes.

The second part is of quantum probabilistic character. The main object of this part is various
noncommutative Khintchine inequalities. It becomes clear nowadays that Khintchine type inequal-
ities are of paramount importance in operator space theory and more generally in noncommutative
analysis. The inequalities we present are those for Rademacher variables, free group generators,
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Voiculescu’s semicircular systems and Shlyakhtenko’s generalized circular systems. The proofs of
these inequalities in noncommutative L,-spaces are often quite technical and tricky. But what
will be needed in the third part concerns only the case p = 1, which is often easier. We should
point out that the von Neumann algebra generated by a generalized circular system is of type III,
which turns our presentation of noncommutative L,-spaces somehow more complicated. This is,
unfortunately, unavoidable in view of the complete embedding of OH into a noncommutative L,
presented later.

The short third part is devoted to Junge’s complete embedding of OH into a noncommutative
Ly. We first present OH as a quotient of a subspace of C' @ R (a theorem of Pisier), which is
given by the graph of a closed densely defined operator on /5. We then prove that any such graph
embeds completely isomorphically into a noncommutative Li-space.

1 Completely positive maps

This section gives a brief discussion on completely positive maps between C*-algebras. Our ref-
erences for operator algebras are [KR] and [T]. Let us fix some notations used throughout this
course:

e B(H) denotes the space of all bounded linear operators on a complex Hilbert space H.

e A often denotes a C*-algebra; so A can be regarded as a C*-subalgebra of B(H) for some H.
A, denotes the positive cone of A.

M denotes a von Neumann algebra and M, the predual of M.

e M, denotes the algebra of complex n x n matrices; so M,, can be identified with B(¢%).

M, (A) denotes the algebra of n x n matrices with entries in A. This is again a C*-algebra. If
A C B(H), then M,,(A) is a C*-subalgebra of M,,(B(H)) ~ B(¢{3(H)).

¢, denotes the £,-space of complex sequences (x) such that (3, lziP)V/P < 00, 1 < p < o0
(with the usual modification for p = 00). The n-dimensional version of ¢, is denoted by £} .

Definition 1.1 Let u: A — B be a linear map between two C*-algebras.
i) u is called positive if u(A,) C By.

ii) u is called completely positive (c.p. for short) if u,, is positive for every n > 1, where u, =
idm, ® u : M, (A) — M, (B) is defined by u,((xi;)) = (u(xij)).

Remark 1.2 It is easy to check that a positive map v : A — B is automatically continuous. If in
addition A is unital, then ||Ju|| = [Ju(1)|| (see [Pa]).

Examples:

1) Homomorphisms. Every homomorphism 7 : A — B is c.p.. By homomorphism we mean
a linear map satisfying: w(xy) = 7(z)w(y) and w(a*) = w(x)* for all z,y € A. Recall that a
homomorphism 7 is necessarily contractive, i.e., ||u| < 1. If in addition 7 is injective, then = is
isometric.

2) Multiplications. Let a € A and define C, : A — A by Cy(z) = a*za. Then C, is c.p. and
|Cull = |la*all = ||al|*. More generally, if H and K are two Hilbert spaces and a : K — H a
bounded operator, then C, : B(H) — B(K) defined by C,(x) = a*za, is c.p..

The classical theorem of Stinespring states that any c.p. map is the composition of two maps
of the previous types.



Theorem 1.3 (Stinespring’s factorization)
Let A be a C*-algebra and B a C*-subalgebra of B(K). Let uw: A — B be c.p.. Then there are a
Hilbert space H, a representation m: A — B(H) (i.e., a homomorphism) and a bounded operator
a: H — K such that

u(z) =a’*w(x)a, VaeA

Namely, u = Cy o .
We refer to [T] for the proof of this theorem. We deduce immediately the following

Corollary 1.4 Ifu: A — B is c.p., then

def
lulles = sup ||un : My, (A) — M, (B)]|| < co.
n
Namely, u is completely bounded. Moreover, ||u|lcp = ||l

Exercices:
1) Prove that a positive map is automatically continuous.

2) Let A be a C*-algebra. Prove that « = (2;;);; € M,(A) is positive iff z is a sum of matrices of
the form (afa;);; with aq,...,a, € A.

3) Let A and B be C*-algebras with B commutative. Prove that every positive map ¢ : A — B
is automatically c.p..

2 Concrete operator spaces and completely bounded maps

We consider in this section closed subspaces of B(H) and completely bounded maps between them.
The analogue for the present setting of the Stinespring factorization given in the previous section is
the Haagerup-Paulsen-Wittstock factorization for completely bounded maps, which is fundamental
in the theory. The references for this and next sections are [ER], [Pa] and [P3].

Definition 2.1 A (concrete) operator space is a closed subspace F of B(H) for some Hilbert space
H.

Let E be a Banach space, and let Bg~ denote the unit ball of the dual E* of E. B« becomes a
compact topological space when equipped with the w*-topology. Then E C C(Bg-) isometrically.
More precisely, given € F define T : Bg« — C by Z(§) = £{(x). Then z — I establishes an
isometry from E into C(Bg+). But now C(Bg~) is a commutative C*-algebra, so C(Bg~) C B(H)
for some H. In this way, any Banach space is an operator space. However, according to the
preceding definition, an operator space F is given together with an embedding of F into a B(H).
More precisely, an operator space is a pair of a Banach space F and an embedding of E into some
B(H). On the other hand, B(H) admits a natural matricial structure: M, (B(H)) = B(¢5(H))
for every n € N. This should be reflected in E too. In particularly, the “admissible” morphisms in
the category of operator spaces should respect this matricial structure.

Matricial structure. Let E C B(H) be an operator space. Then E inherits the matricial
structure of B(H) by virtue of the embedding M,,(E) C M,,(B(H)). More precisely, let M, (F) be
the space of n x n matrices with entries in E. Then M, (FE) is equipped with the norm induced by
that of B(¢5(H)).

Definition 2.2 Let E C B(H) and F C B(K) be two operator spaces. Let u : E — F be a linear
map.
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i) w is called completely bounded (c.b. for short) if
[[ullep = sup [Jun|| < oo,
n>1
where u, = idm, ®u : M,,(E) — M, (F') is defined by u,((z;;)) = (u(z;;)). CB(E, F) denotes
the space of all ¢.b. maps from E to F.
i) w is called a complete isomorphism if u is a c.b. bijection and u~! is also c.b..

i) w is called completely isometric if w, is isometric for every n. If u is a bijection and both u
and u~! are completely isometric, u is called a complete isometry.

Examples:

1)

C*-algebras. Let A be a C*-algebra. Then A is a C*-subalgebra of some B(H); so A is an
operator space. The resulting matricial structure on A is called the natural operator structure
of A. In particular, any von Neumann algebra has its natural operator structure. Note that
this natural operator space structure of A is independent, up to complete isometry, of particular
representation of A as C*-subalgebra of B(H) for a faithful representation is complete isometric.

Minimal structure. Let E be a Banach space. Then we have the isometric embedding
E C C(Bg+), which turns E an operator space, denoted by min(E). This operator space
structure is called the minimal structure on E. The adjective “minimal” means that this
structure induces the least matricial norms on M, (E). Indeed, assume that E itself is an
operator space and consider also the associated minimal operator space min(E). Then by
Proposition 2.3 below, the identity map on E induces a complete contraction from E to min(FE).
Namely, for any n and any = € M, (E)

1|0, (min2y) < l2lva, () -

Maximal structure. Similarly, we can introduce a maximal operator structure on a Banach
space E. Let ® be the family of all pairs ¢ = (u,, H,) with H, a Hilbert space and u, : E —
B(H,) a contraction. Let H be the Hilbert space direct sum of the H,:

H=Ep H,.
ped
Then B(H) is the C*-algebra direct sum of the B(H,,):
B(H) = B(H,).

peD
Define J : E — B(H) by J(z) = (ug,(x))@eq>. It is clear that J is isometric. This yields an
isometric embedding of E into B(H). Identifying E and J(E) C B(H), we turn E an operator
space. This operator space structure is called the mazimal structure of E and denoted by

max(F). By definition, one sees that if F itself is an operator space, then the identity map
idg : max(E) — E is completely contractive.

Column and row spaces. Let (e;;) denote the standard matrix units of B({2). Define
C =span(e;1, 1 > 1) and R =35pan(ey;, j>1).

Thus we get two operator spaces C' C B(f2) and R C B({3). Note that C' (resp. R) is identified
as the first column (resp. row) subspace of B(¢3). The operator space structures of C' and R
are easily determined. Let z € M,,(C),y € M,,(R) and write

xzzl‘i@@il, ?J:Zyﬂ@eli, Tiy Yi € My,

7 3



Then

Nzl o) = || S aiail|? Iylncm = | wa ]2

The n-dimensional versions of C' and R are denoted by C™ and R", respectively. As Banach
spaces both C' and R are isometric to f5 via the identification e;; ~ ey; ~ e;, where (e;) denotes
the canonical basis of 5. We will see at the end of this section that they are not completely
isomorphic.

Proposition 2.3 Let E C B(H) be an operator space and A a commutative C*-algebra. Then
any bounded map v : E — A is automatically c.b. and ||u|lep = ||ul|.

Proof. Let us first consider the case where A = C. Let u : E — C be a continuous linear functional
with [Ju|| < 1. For any n € N we must show that u,, : M,,(E) — M,, is a contraction. To this end
let © € M, (E), and let «, 8 € €5 (a and  being viewed as column matrices). Then

un@las B = | S sl = Ju( 3 i)

i,j=1 i,5=1
n
0 *
< NS wieyBil| = |87zel] < 181 2]l el
i,j=1

Taking the supremum over all x, o, 5 in the respective unit balls, we deduce that ||u,| < 1. Thus
u is a complete contraction.

The general case can be easily reduced to the previous one. Indeed, since A is commutative, we
can assume A = Cy(£2) for some locally compact topological space €2, where Cy(€2) denotes the C*-
algebra of all continuous functions on € which tend to zero at infinity. Then M, (A4) = Co(£2; M,,),
the C*-algebra of continuous functions from Q to M,, which vanish at infinity. The norm of an
element y = (y;;) € Co(2; M,,) is given by

Iyl = sup || (yi (@) ||y, -
weN
Now let u : E — A be bounded. Then
lun|l = sup{H(u(xij)(w))HMn cweQ, xeM,(B), |z < 1}.

It follows that
[ulles = sup [[0w o uflcs .
weN
where d,, : Cp(2) — C is the evaluation at w: §,(f) = f(w). We are thus reduced to the one

dimensional case. O

Prototypical examples of c.b. maps:

1) Homomorphisms between C*-algebras. These maps are c.b. for they are c.p.. Moreover,
they are completely contractive. Note also that an injective homomorphism is completely
isometric.

2) Multiplications by bounded operators. Given a € B(H) define
L,:B(H)— B(H), x—ax and R,:B(H)— B(H), z— za.

Then L, and R, are c.b. and
[ Lalleb = [[Ralles = llal-

Thus if E C B(H), then L‘I‘E and Ra|E are also c.b..

4



The following theorem asserts that any c.b. map is the composition of a homomorphism, a left
multiplication and a right multiplication. This is the c.b. analogue of Stinespring’s factorization.
We refer to [ER] and [P3] for the proof.

Theorem 2.4 (Haagerup-Paulsen-Wittstock factorization)
Let E C B(H) and F C B(K) be two operator spaces. Letu : E — F be a c.b. map. Then there are
a Hilbert space H, a representation w : B(H) — B(H) and two bounded operators a,b € B(K, H)
such that

u(z) = Ly~ m(x)R,, VYV €E.

Namely, u = Ly« o Rgom - Moreover,

[ulles = inf {lall [[6]]},
where the infimum is taken over all factorizations of u as above.

Corollary 2.5 (Hahn-Banach type extension)
Every c¢.b. map u: E — B(K) admits a c.b. extension @ : B(H) — B(K) such that ||@||co = ||u||cp-

Proof. Take a factorization u = Ly o R, o m|, such that ||lull = [lal| [[b]]. Then & = Ly- o Ryom
is the desired extension of u. O

Let E C B(H) be an operator space. Then E inherits the order of B(H), which allows us to
define positive and completely positive maps on E. Thus a map u : E — B(K) is c¢.p. if w, sends
the positive part of M,,(E) into that of M, (B(K)) for every n.

Corollary 2.6 (Decomposability of c.b. maps)
Every c.b. map u: E — B(K) is decomposable in the sense that there are four c.p. maps uy such
that

u=1uy — ug + i(ug — uq)

with |lukleo < [lullep-
Proof. Let w= Ly o R, 0 7r| p according to Theorem 2.4. Then the corollary immediately follows

from the polarization identity with

1
Uk:an+ikbO7TE, 1§]€S47

where C, is the multiplication by a from the right and by a* from the left. O

Usually, we do not distinguish completely isometric operator spaces. The distance between two
operator spaces is measured by the operator space analogue of the Banach-Mazur distance in the
theory of Banach spaces. The Banach-Mazur distance of two Banach spaces E and F is

d(E,F) =inf {||u""|||lul| : uw:E — F is an isomorphism}.
If E and F are isomorphic, d(E, F) < oo; otherwise, d(E, F) = cc.
Definition 2.7 Given two operator spaces E and F define
deo(E, F) = inf {lu™"||e |lulles : u: E — Fis a complete isomorphism }.

Pisier [P1] proved that if dim F = dim F' = n, then dp(E, F) < n. We will see that the upper
bound is attained for the pair (C™, R™). To this end, let us introduce a general definition.

Definition 2.8 An operator space E is called homogeneous if every bounded map on E is c.b.
and ||ul|ep = ||u||. E is called Hilbertian if E is isometric to a Hilbert space.



It is easy to see that min(F) and max(F) are homogeneous. On the other hand, C' and R are
homogeneous Hilbertian operator spaces. We refer to Chapiter 10 of [P3] for the proofs of the
following two results.

Proposition 2.9 Let E and F be two n-dimensional Hilbertian homogeneous operator spaces. Let
(e1,...,en) and (f1,..., fn) be orthonormal bases of E and F, respectively. Let uw: E — F be the
map defined by u(e;) = f;. Then

dey(B, F) = |lu™ [lcollulles -

Corollary 2.10 d,(C™, R™) = n and de,(C™, min(4%))) = «/n. Consequently, C, R and min(¢3)
are not completely isomorphic each other.

Exercices:

1) Let E be a Banach space and F' an operator space. Prove that any bounded maps u : F' —
min(F) and v : max(E) — F are c.b. and ||ul|lc = [|ull, [|[v]lee = ||v]-

2) Prove that C and R are homogeneous.
3) Prove Corollary 2.10.
4) Let u: C — R. Prove ||u|le = ||u||ms, where ||u|lgs denotes the Hilbert-Schmidt norm of «

regarded as an operator on /o, i.e.,

o0

lullms = (3 llu(en3)"*.

i=1
3 Ruan’s theorem: abstract operator spaces

The definition of concrete operator spaces presented in the previous section has a major drawback:
it does not allow to do basic operations on concrete operator spaces. For instance, it is not clear
at all how to introduce a nice matricial structure on the Banach dual E* of E which reflects the
one of E. This drawback is resorbed in Ruan’s definition of abstract operator spaces.

We have already seen that a concrete operator space E C B(H) possesses a natural matricial
structure inherited from that of B(H): for each n, M,,(E) C B(¢{%(H)) is again an operator space,
equipped with the norm || - ||, induced by that of B(¢5(H)). This sequence (|| - ||,) of matricial
norms clearly satisfy the following properties

o (Ra): [lazpln <llafl[lzlalIBl, Va8 € M,z € Mn(E),n > 1.
o (Ra2): [lz @ yllnsm < max ([[lln, [ylm), V& € Ma(E),y € M (E),n,m > 1.

Here the product is the usual matrix product. x & y denotes the (n +m) x (n + m)-matrix

(53)

Theorem 3.1 (Ruan’s characterization)
Let E be a vector space. Assume that each M, (E) is equipped with a norm || - ||n. If these norms
Il - I satisfy Ruan’s axioms (Ry) and (Rs), then there are a Hilbert space H and a linear map

J: E — B(H) such that
Ip =1idy, @ J : M, (FE) — M, (B(H)) s isometric for everyn.

In other words, the sequence (|| - ||ln) comes from the operator space structure of E given by the

embedding J : E — B(H).



This theorem is proved in [R] (see also [ER] for an alternate proof).

Definition 3.2 An (abstract) operator space is a Banach space E together with a sequence (|| - ||)
of norms satisfying (Ry) and (Rg) (with || - ||; equal to the original norm of E).

Henceforth, we will drop the adjective “concrete” or “abstract” by saying only operator spaces.
Thus to have an operator space structure on a Banach space E is to have a sequence of matricial
norms verifying Ruan’s axioms. In the remainder of this section we present some basic operations
on operator spaces. The complex interpolation is postponed, however, to the next one, where
Pisier’s operator Hilbert space will be also introduced.

Spaces of c.b. maps. If E and F are two operator spaces, CB(F, F') denotes again the space of
all ¢.b. maps from E to F. This is a Banach space equipped with the norm || - |- Now we wish
to turn CB(FE, F) an operator space. Let u = (u;;) € M, (CB(E, F)). We view u as a map from
E into M, (F) by defining u(x) = (u;;(«)) for # € E. Then the matricial norm on M, (CB(E, F))
is defined by

lulln = J[u: B — Ma(E)],

Namely, we have the identification
M, (CB(E, F)) = CB(E,M, (F)).
Tt is easy to show that Ruan’s axioms are verified. Thus CB(E, F') becomes an operator space.

Duality. Specializing the previous discussion to F' = C, we see that CB(E, C) is an operator space.
However, Proposition 2.3 implies that CB(E,C) = E* isometrically. Therefore, E* becomes an
operator space. The norm of M, (E*) is that of CB(F,M,,). This is usually called the standard
dual of E. We will simply say the dual of E since only standard duals are used in the sequel. The
bidual E** = (E*)* is an operator space too. Then it is easy to check that the natural inclusion
E — E** is completely isometric. This allows to view E as a subspace of E**.

Thus the duals of C*-algebras and the preduals of von Neumann algebras are operator spaces.

Let u : E — F be a map between two operator spaces. Then u is c.b. iff its adjoint u* : F* — E*
is c.b.. If this is the case, ||u|lcs = [|©*||ch-

Quotient. Let E be an operator space and F' C E a closed subspace. We equip M,,(E/F) with
the quotient norm of M, (E)/M,(F). Then it is easy to check that these norms satisfy (R;) and
(R2), so E/F becomes an operator space. The usual duality between subspaces and quotients in
Banach space theory remains available now:

E*

* E. 1 . .
F* = s and (f) = F~ completely isometrically.

Direct sum. Let (E}) be a sequence of operator spaces, Ejy, C B(Hj,) (the sequence may be finite).
Let ¢ ((E))) denote the space of all sequences (xy) with z) € Ej, such that supy, ||zx] < oo. This
is a Banach space when equipped with the norm

)l = sup [l

l((E%)) naturally inherits a matricial structure from ¢ ((B(H}))), the latter being a C*-algebra.
Thus we have
M, (goo((Ek))) =l ((Mn(Ek)))
¢o((E%)) denotes the subspace of ¢o((E}))) consisting of all (zy) such that ||zx|| — 0.
On the other hand, we define ¢; ((Ef)) to be the space of all sequences (x) with z; € Ej such
that >, ||zx|| < oo. This is again a Banach space with the natural norm. Recall that

(L1((Er)))" = Lo((E}))  isometrically.



Thus ¢1((Ey)) is a predual of £o ((E))), which allows us to view ¢1((F%)) as an operator space too.

We often use the notations
@ Jo%e) Ek and @ 1 Ek
k k

instead of ¢o, ((Fk)x) and ¢1((Ey)k), respectively. If all E) are equal, these spaces are denoted by
l(F) and ¢4 (F), respectively. In particular, if E = C, we recover £, and ¢;.

Let us introduce the continuous version of ¢o(E). Let Q be a locally compact topological space
and E C B(H) an operator space. Let Cy(Q2; E) denote the space of continuous functions from €
to E which vanish at infinity. Cy(Q; E) is equipped with the uniform norm

1f1 = sup [[f(w)].
weN

Then Cy(2; E) C Co(€2; B(H)). The latter space is a C*-algebra. In this way, we turn Cy(€2; E)
an operator space.

Sum and intersection. Let (Ey, 1) be a couple of operator spaces. Assume (Eq, E7) is compat-
ible in the sense that both Fy and F; continuously embed into a common topological vector space
V. This allows us to define

EoﬂElz{J?EV : Z‘EE(),J?EEl}

and
E0+E1:{$€V : EIQZ()EE(), IlgEls.t.I:$0+1}1},

equipped respectively with the intersection and sum norms
2]l Bore, = max (|z]g, , [l ),

2| oty = inf {||z0l &, + 21l = @ =20 + 21,20 € Eo, 21 € En}.

Note that Eg N E; can be regarded as the diagonal subspace of Ey @« E1. On the other hand,
Ey + F; is identifiable with the quotient space of Ey @1 E1 by A, where A = {(zg,21) : xo+2x1 =
0}. Equipped with the operator space structures induced by those of Ey G E1 and Ey @1 En,
respectively, £ N Fy and Ey + E; become operator spaces too.

Let us consider an important example. Take the column and row spaces C' and R and view
them as compatible by identifying both of them with ¢5 at the Banach space level. Thus if x € C,
we write

T = ineﬂ with x; € C.
i

Recall that
lzllc = 12l = l(@)lle, = Y wiewillr-

Then the compatibility above means that x is identified with the sequence (z;). Accordingly, we
often identify the canonical bases (e;1) of C and (ey;) of R with (e;) of ¢5. Thus as Banach spaces,
CNR=C=R(=/{y). But this is no longer true in the category of operator spaces.

Let z € M,,(C N R) = M, (C) "M, (R). Write

x:in@)ei with x; € M,,.

?

Then

||x||Mn(CﬁR) = maX(Hx”Mn(C)7 \\33||Mn(n))

= max (| Y w2, Y wai]M2).
i [



Using this, we easily check that C'N R is not completely isomorphic to C. Indeed, using Proposition
2.3, one easily shows that their n-dimensional versions satisfy the following

de(C™, C" N R™) = \/n.

The operator space structure of C + R is a little bit more complicated. Using the complete
isomorphism between Ej @, Fa and F; @1 Ey (see Exercice 6 below), we deduce that for z =

1 . * *
5 lallscom < it {[| 3 viwall' " 1130 =e]
% %

} < 2llzllw, (c+R)

where the infimum runs over all decompositions x; = y; + z; with y;, z; € M,,. We will give later
a complete isometric description of C 4+ R in terms of the trace class S;.

Exercices:

1) Prove that C* ~ R and R* ~ C completely isometrically. More precisely, the map £ € C* —
Zi &(e;1)eq; establishes a complete isometry between C* and R.

2) Show that the natural inclusion F < E** is completely isometric.
3) Let F' C E be operator spaces. Prove

E* E
F* = T and (f) = F1  completely isometrically.
4) Prove that a map u : E — F is c.b. iff its adjoint u* : F* — E* is ¢.b.. Moreover, ||ulls =
[ ep-

5) Prove

(co((Ek)))* =0 ((EY)) and (fl((Ek)))* =l ((Ef)) completely isometrically.

6) Prove that the natural inclusion from ¢; ((Ey)) into oo ((Ex)) is completely contractive. Con-
versely, prove that the c.b. norm of the formal identity from F1 @ - - Boo B to E1PB1---B1 By,
is equal to n.

7) Let (Ey, E1) be a compatible couple of operator spaces such that Fy N E; is dense in both Ey
and F. Prove

(Eo N El)* = Ej + E7, (EO + E’1)>k = Ej N E] completely isometrically.

4 Complex interpolation and operator Hilbert spaces

Hilbert spaces are in the center of the family of Banach spaces and play a crucial role there. It is
thus natural to find their operator space analogues. One way to define operator Hilbert spaces is
by complex interpolation, which is of great importance for its own right in operator space theory.
Our references for this section are [P1] and [P3].

Interpolation. We first recall the definition of complex interpolation for Banach spaces. Let
(Eo, E1) be a compatible couple of complex Banach spaces. Let S = {z € C : 0 <Rez <1}, a
strip in C. Let F(Ey, E1) be the family of all functions f : S — Ey + F; satisfying the following
conditions:

e f is continuous on S and analytic in the interior of S;



o f(k+it) € Ej for all t € R and the function t — f(k + it) is continuous from R to Ej for k =0
and k = 1;

e limy_o || f(k+it)|[m, =0 for k=0and k = 1.

We equip F(FEy, E1) with the norm:
150y = m s 60, 20+ )], -

Then it is a routine exercise to check that F(Ey, F1) is a Banach space. For 0 < § < 1 the complex
interpolation space Ey = (Ey, E1)g is defined as the space of all those x € E + E; for which there
exists f € F(Ey, E1) such that f(0) = x. Equipped with

llz]lo = inf{HfH}_(EO’El) c f@) ==, fe ]—'(Eo,El)},

Ey becomes a Banach space. Note that by the maximum principle, the map f — f(0) is a
contraction from F(Ey, E1) to Ey + E1. Then (Ey, E1)g can be isometrically identified with the
quotient of F(Ey, E1) by the kernel of this map.

Now assume Ej and Ej are operator spaces. Then (M, (Ey), M,,(F1)) is again compatible for
any n > 1. This allows to define

M, (Eg) = (Mn(Eo), Ma(Er)), -

It is easy to show that Ruan’s axioms are satisfied, so Ey is an operator space. Let us express
Ey as a quotient of a subspace of Cy(R; Ep) oo Co(R; E1). Using Poisson integral, one sees that
Co(R; Ep) Do Co(R; Ey) is just the space of functions f : S — Ey+F; satisfying the same conditions
as above for F(Ey, F1) but only with “analytic” replaced by “harmonic”. Then F(Ey, E7) is the
subspace of Cy(R; Fy) @ Co(R; E7) consisting of all analytic functions. Therefore, Ey is the
quotient space of F(Ey, E1) by the subspace of all f such that f(8) = 0.

Operator Hilbert spaces. Let H be a complex Hilbert space. Fixing an orthonormal basis
(ei)ier in H, we can identify H with f2(I). The classical Riesz representation theorem asserts
that H* is isometric to the conjugate H of H. The latter space is H itself with the same norm
but with conjugate multiplication: A -z = Az for A\ € C and # € H. Viewed as a vector in H, a
vector « € H is often denoted by Z. Thus if z = (z;) € ¢2(I), then Z = (Z;);c;. The map z — T
establishes an anti-linear isometry between H and H. Consequently, H* is isometric to H. In fact,
the conjugation can be defined for any Banach space X. It is a well-known elementary fact that
the Hilbert spaces are only Banach spaces X such that X* is isometric to X.

Now we wish to consider the operator space analogue of this property. The resulting spaces are
the so-called operator Hilbert spaces, introduced by Pisier. Note that if E is an operator space, so
is E by defining M, (E) = M, (E).

Theorem 4.1 Let I be an index set. For any x =), x; ® €; € M, (¢2(I)) define
_1/2 _ /2
ol = | s 2302, = | S i,

Then (|| - ||n) satisfy Ruan’s axioms. The resulting operator space is denoted by OH(I). Moreover,

OH(I) is the unique, up to complete isometry, operator space structure on lo(I) such that OH (I)*
is completely isometric to OH(I).

IfI=NorI={1,..,n}, wedenote OH(I) simply by OH of OH™. The space OH can be also
obtained by interpolating the column and row spaces.

Theorem 4.2 OH = (C, R)1 completely isometrically.

1
2
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Exercices:

1) Let (Eo, E1) and (Fp, F1) be two compatible couples of operator spaces. Let T': Ey + E; —
Fy + F1 be a linear map such that T|Ek : By, — F}, is ¢.b. of cb-norm ¢, for k = 0,1. Then T
is ¢.b. from Ey to Fy for any 0 < € < 1 and of cb-norm < c(l)_ec(f.

2) Show that OH is homogeneous and d.,(C™, OH™) = \/n. Consequently, OH is not completely
isomorphic to C.

5 Vector-valued noncommutative L, -spaces

Since operator spaces are quantized Banach spaces, noncommutative L,-spaces are quantized L,-
spaces. Thus it is not surprising that noncommutative L,-spaces play the role in operator space
theory as the usual L,-spaces do in the category of Banach spaces. In this section we introduce
the natural operator space structures on noncommutative L, and Pisier’s vector-valued Schatten
classes. We will need essentially the cases p = co and p = 1 (so the case 1 < p < oo can be skipped).
For these special cases what is presented below becomes extremely simple for noncommutative L,
and L; are nothing but von Neumann algebras and their preduals.

5.1 Noncommutative L,-spaces. Let M be a von Neumann algebra equipped with a normal
faithful tracial state 7. For 1 < p < oo and x € M define

Iz, = [r(|l2[")]"/?, where |z| = (z"2)"/2.

Then (M, || - ||p) is a normed space, whose completion is the noncommutative L,)-space associated
with (M, 7), denoted by L,(M). By convention, Lo (M) = M with the operator norm. Then for
any 1 < p < oo, the dual space of L,(M) is L, (M) (p’ being the conjugate index of p):

L,(M)" =Ly (M) isometrically
with respect to the duality bracket
<.73, y> :T(.I‘y), $€LP(M), yELp/(M).

Consequently, L1 (M) is the predual of M.

Let us consider two special cases. The first is where M is commutative, say, M = L (S, ) for
some probability space (€, u) (1 can be, of course, assumed to be a o-finite measure). Then we
recover the usual Ly-spaces L,(£2). The second case concerns M = B(¢3), equipped with the usual
trace Tr on B(¢%) (which can be normalized to a state if we wish). Then we get the Schatten classes
S, The infinite dimensional algebra B(f3) is not covered by this definition since the usual trace
Tr on B(¥2) is not finite. However, it still has a nice trace in the sense that it is normal, semifinite
and faithful. The preceding construction can be done for normal semifinite faithful traces too. The
resulting spaces for (B({2), Tr) are the Schatten classes S,. Recall that S7 and Sy are respectively
the trace and Hilbert-Schmidt classes. Note that by definition S is the whole B(¢z).

The previous definition does not apply to type III von Neumann algebras. There are several
equivalent constructions of noncommutative L,-spaces in the type III case. Here we adopt the
one by Kosaki [Ko] via complex interpolation. Let M be a von Neumann algebra equipped with
a normal faithful state ¢. Define Loo(M) = M as before and L;(M) = M,. Consider the left
injection j of Lo (M) into L1(M) by j(z) = xp. The faithfulness of ¢ implies that j is injective
and its range is dense in L;(M). This injection makes (Lo (M), L1(M)) compatible. Thus we can
consider the complex interpolation spaces between them. Now for 1 < p < oo define

Ly(M) = (Loo(M), L1(M),

11



We refer to the survey paper [PX] for more information and historical references on noncommutative
L,-spaces.

5.2 Operator space structures on noncommutative L,. Now we turn to describe the natural
operator space structure on L,(M) (see [P3] for more information). For p = 0o, Loo(M) = M has
its natural operator space structure as a von Neumann algebra. This also yields an operator space
structure on M*, the standard dual of M. To deal with the case p = 1 we consider the opposite
von Neumann algebra M°P of M. M°P is the same as M but with the new multiplication which
is opposite to that of M: = -y in M°P is equal to yr € M. Note that if M acts on H, then M°P
acts on H* and coincides with {z' : x € M}, where x! denotes the transpose (= Banach space
adjoint) of x. It is clear that the map = — x* establishes an isomorphism between M and M°P.
Thus L, (M) is isometric to L;(M°P) at the Banach space level. This allows us to equip L;(M)
with the operator space structure inherited from (M°P)*. The main reason for this choice is that
it insures that the equality L; (M, ® M) = SP?®L1(M) (operator space projective tensor product)
holds true. Finally, the operator space structure of L,(M) is obtained by complex interpolation.
It is worth to mention that Lo(M) is an operator Hilbert space by virtue of a theorem of Pisier.

Thus for every o-finite measure space (€2, 1), the commutative L,-spaces L,(2) are equipped
with their natural operator space structures. In particular, the £, are operator spaces and ¢, = OH.

The same happens to the Schatten classes S, too. If 1 < p < oo, the dual space of S, is S
with respect to the so-called parallel duality bracket

(z, y) = Tr(zy") = Zzijyij
@]

for ¢ = (z;;) € Sp and y = (y;;) € Spr. This is due to our definition that S; is defined as the
predual of B(¢2)°P.

5.3 Vector-valued Schatten classes. We wish to define Schatten classes with values in operator
spaces. To this end we first recall the minimal tensor product in the category of operator spaces.
Let E C B(H) and F C B(K) be two operator spaces. Let € B(H) and y € B(K). The tensor
x®1y is an operator on the Hilbert space tensor product H® K defined by z®@y(£®n) = z(£) @y(n).
It is easy to check that 2 ®y is bounded and ||z ®y|| = ||z| ||y||. Consequently, the algebraic tensor
product F ® F is a vector subspace of B(H ® K). Then the minimal tensor product E @i, F is
defined to be the closure of E® F in B(H ® K).

Now let E be an operator space. Define So[E] to be Soo ®@min E. The elements in So[E] are
often represented as infinite matrices with entries in F.

To define S1[E] we use duality. The operator space structure to be put in S;[E] will be such
that the dual space of S1[E] is Soo[E*]. More precisely, let u € S; ® E. Write

u:Zak@)xk with ap € S1, = € E.
k

Consider u as a linear functional on So[E*] as follows. For v =73",b; ® §; € Soc ® E* define

(u,0) = (an, bj) (e, &) = > Tr(ardh) & ().

k,j k.j

Then the norm of u is defined to be the linear functional norm of u on S [E*], which coincides
with the norm of u in CB(Sx[E*],C) (see Proposition 2.3). We define S1[E] to be the closure of
S1 ® E with respect to this norm. Next, we have to introduce a norm || - ||, on M,,(S1[E]) for any
n. This is now easy. As before, every v € M,,(S; ® F) induces a linear map from So[E*] to M,,.
Then define

llull, = Hu||CB(Soo[E*],Mn)~

12



Tt is then routine to check that these norms satisfy Ruan’s axioms. Therefore, S;[E] becomes an
operator space.
Having defined So[E] and Si1[E], we define S,[E] by interpolation for any 1 < p < oco:

1/p*

The elements of S,[E] are often represented as infinite matrices with entries in E. It is not hard
to show that finite matrices (i.e., those with only a finite number of nonzero entries) are dense in
Sp[E] for p < 0.

The following theorem of Pisier is very useful. The reader is referred to [P2] for its proof.

Theorem 5.1 Let1 < p < oo.

i) Any x = (x;;) € Sp[E] admits a factorization x = ayb with a,b € Sa, and y € S [E]. Here
the product is the usual matrixz product. Moreover, we have

Il iz = inf , {llallan Iyl (51 10010}

ii) Conversely, for any x = (x;;) € Sx[E]
|2lls 11 = sup {llaydlls, 5y : a.b € Szp, llallzp <1, [1Bll2p < 1}

Corollary 5.2 Let E and F' be two operator spaces. Let1 < p < oco. Then a linear mapu : £ — F
s c.b. iff
sup || Isn © u: SPIE] — Sy [F]|| < oo;

moreover in this case the supremum above is equal to ||ul|ep. Alternatively, u is c.b. iff Is, @ u
extends to a bounded map from S,[E] to S,[F].

Proof. Assume that u is c.b., i.e.,

|ulleo = sup ||[Isn. @ u: SLIE] — SL[F]|| < oo.

Let x = (7;;) be a matrix in SJ[E] with norm less than 1. Then x admits a factorization x = ayb
with
lallsy, <1, Nyllsge <1, [Ibllsg, < 1.

We have
I ®u(z) =a(l ®@u)(y)d.
Therefore,
17® (e gy < allsg, 17 o) gq 005, < e
whence
sup HISE ®u: SPIE] — SPIF)|| < llulles -
The converse is proved similarly. O

The previous corollary is very useful notably for subspaces of noncommutative L,-spaces for
the following reason. Given E C L,(M) it is usually difficult to determine the norm of M, (E);
but it is extremely simple to describe the norm of S,[E], as shows the next paragraph.

We will only need the case where E is a subspace of a noncommutative L,(}) in which the
previous theory becomes much simpler. Note that there is a natural algebraic identification of
L,(M,, ® M) with M, (L,(M)). Then Sp[L,(M)] is nothing but the linear space M., (L,(M))

13



equipped with the norm of L,(M,, ® M). More generally, if E C L,(M) is a closed subspace, the
norm of Sp'[E] is induced by that of S}'[L,(M)]. In the infinite dimensional case, Sp[L,(M)] is
completely isometrically identified with L,(B(¢2)®M) for all 1 < p < co. If E C L,(M), then
Sp[E] is the closure of S, @ E in L,(B(l2)@M).

5.4 Column and row p-spaces. The column and row spaces, C and R, are pillars of the
whole theory of operator spaces. Recall that C' and R are respectively the (first) column and row
subspaces of So. By analogy, let C), (resp. R,) denote the first column (resp. row) subspace of
Sp. Since Sp is an OH space, C; >~ Ry >~ OH. The n-dimensional versions of these spaces are
denoted by C}) and Rj.

Now let E be an operator space. We denote by C,,[E] (resp. R,[E]) the closure of C), ® E (resp.
R, ® E) in Sp[E]. I E is a subspace of a noncommutative L, (M), the norm of C,[E] is easy to
determine. We consider only the case where M is semifinite. For any finite sequence (xy) C E

. \1/2
H Z:Ek ®€kHcp[E] = H(kafk) ||LP(M) J
A k
where (ey) denotes the canonical basis of C),. More generally, if aj € C,, then
. \1/2
I ;xk ®arlle, 1z = 10D (ars agdaias) "l ar

k

where (, ) denotes the scalar product in Cp. (In terms of matrix product, (ax,q;) = aja;.) We
also have a similar description for R,[E].

We end this section by describing the operator space structure of C'4+ R with help of Corollary
5.2. To this end we use the identification that C' ~ R; and R ~ C; (see Exercice 2 below). Thus
C+ R ~ Ry + C1, which is the quotient of Ry @; C; by the subspace {(z,y); z+y = 0}. Therefore,
for any finite sequence (zy) C S;

[@)lls,jorm = I LN@s, 1y + @500}
= it {3 () ), + 1 () ), -
k k

where the infimum runs over all decompositions of x = yy + 2z in S7. It follows that S;[C + R] =
C1[S1] + R1[S1] with equal norms (even completely isometrically).

Exercices:

1) Let £; have its natural operator space structure. Let x € M, (¢;) with z =), z; ® e; (with (e;)
the canonical basis of ¢1). Prove

|2l ey = sup {[| D2 @ gillyy 95 € M, [lgall < 1,m € N}

On the other hand, show S;[¢1] = ¢1(S1) completely isometrically.

2) Let 1 < p < oo and p’ be the conjugate index of p. Prove the following completely isometric
identities:

(Cp)"=Cp =R, and (Rp)" =Ry =0,
by identifying the canonical bases in question.
3) Prove that Cp and R, are homogeneous Hilbertian spaces.

4) Compute (or estimate) dey(C}', Cy) for 1 < p,q < co. Then prove that C, and C, are not
completely isomorphic for p # q.

14



6 Noncommutative Khintchine type inequalities

This section is devoted to Khintchine type inequalities in the noncommutative L,-spaces. These
inequalities are of paramount importance in operator space theory and noncommutative analysis.

6.1 The classical Khintchine inequalities. Let (g;) be a Rademacher sequence on a probability
space (€2, P), i.e., an independent sequence of random variables such that P(ey, = 1) = P(e =
—1) = 1/2. The classical Khintchine inequality states that for any 1 < p < oo and any finite
sequence (z,) C C

(6.1) 1> wnenll, ~e, | D zrenlly = (O lunl?)?.
k k k

Here as well as in the sequel we use A ~. B to abbreviate ¢ 1B < A < ¢B. ¢p denotes a
positive constant depending only on p. Using the Fubini theorem, we deduce a similar inequality
for coefficients z,, in a commutative L,-space, say, in L,(0,1). Namely,

/
(6.2) | Zxk EkHLP(Q;Lp(O,l)) ~ep H(Z |$’f‘2)1 QHLP(O,l) :
k k

Note that the norm of L, (£2; L, (0, 1)) in the above equivalence can be replaced by that of Lq(€2; L, (0, 1))
for any 1 < ¢ < co. (The relevant constant then depends on ¢ too.) This is because of the so-called
Khintchine-Kahane inequalities (cf. [Ka]). Let E be a Banach space and 1 < p,q < oco. Then for
any finite sequence () C F we have

| Ek:xk 5k||L,,(Q;E) ~epa | zk:fk 5kHLq(Q;E)'

Now we wish to extend (6.2) to the noncommutative setting, i.e., replacing L,(0,1) by a non-
commutative L,. We will consider only the case where the coefficients z; are in the Schatten
classes Sp. All inequalities stated below are valid for general noncommutative L,. On the other
hand, we will concentrate mainly on the case p = 1 (and the case p = co in the free case). Thus
our gaol is to find a deterministic expression for

I kaEkHLP(Q;SP) :

In view of the square function (Z |$k|2)1/2 in (6.2), we are naturally led to conjecture that the
deterministic expression to be found should involve the term

[ ) 2, = 1O ) -

This norm is also equal to [|(z)||c,[s,- Here and in the sequel, we often identify a sequence (zy)
in E with the element ), z; ® e, in C,[E] or Ry[E]. But now because of the noncommutativity,
we should also take into account the right modulus, i.e., the term

121, = (et ™, = M),
Although |lal|, = |la*||, for a single operator a € S, the two terms above are not comparable at

all if p # 2. For example, if x; = ey, then clearly

n

n
H(Zx;xk)mup:nw and H(Zxkx;;)”?”p:nl/p,
k=1 k=1

6.2 Column and row subspaces. In this subsection we collect some basic properties of the
column and row subspaces Cp[Sp,] and R,[S,].
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Proposition 6.1 i) The Holder inequality: Let 1 < p,q,r < oo such that 1/r = 1/p + 1/q.
Then for any sequences (xy) € Cp[Sp] and (yr) € Cy[Sy] the series Y, yjxy converges in S,
(with respect to the w*-topology if r = 00) and

1> vianll, < @l s, 1@)lcys,-
k

ii) Complementation: Cp[Sp] and Rp[Sp] are 1-complemented subspaces of Sp(l2 ® €2) for any
1 <p<oo. More precisely, let P: S,(ly @ ls) — S,(la @ £2) be defined by P(x) = xe, where
e=1®e11. Then P is a contractive projection from S,(ls ® €2) onto Cp,[S,].

ili) Duality: Let 1 < p < 0o, and let p’ be the conjugate index of p. Then
ColSp]™ = Cp[Sp] and  Rp[Sy]" = Ry [Sy/]
isometrically with respect to the anti-linear duality bracket:

((@n), () = D Tr(yia).

E>1
Proof. 1) Given (xy) C S, define

X1 0
T((ay) = | 72 ©

We view T'((zx)) as an element in S,[Sp] = Sp(f2 @ £3). Now let (yx) C S, be another finite
sequence. Then

> viwn = T((y)" T((xx))-
k

So the desired inequality follows from the Holder inequality in S, (f2 ® €2).
ii) This is obvious. Note that P(z) is the matrix whose first column is that of 2 and all others

are zero.
iii) Using i) one sees that the duality is well-defined. The two duality equalities are immediate

consequences of ii) and the duality between Sy (l2 ® l2) and Sy (b2 ® £5). O
Proposition 6.2 Let 1 < p < oo and (zx) C S, be a finite sequence.

i) If 2 < p < oo, then

masx {[|@e)l s 10 10| s 1} < (O lall2)2.
k

i) If 1 <p <2, then

min{H(xk)Hcp[spp |

@) s} = (O llal2)2.
k

Proof. i) Let p > 2. By the triangle inequality in S,/ we have
2
el s,y = 1 D 1wl e < D el
k k

Passing to adjoints we get the inequality on the row norm.
ii) This follows from i) by duality. O
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Corollary 6.3 i) Let (X, 1) be a measure space, and let f belong to the algebraic tensor product
Ly(X)®S,. Then if 2 < p < oo,

masc [ [ 507 re)n0] ), 1L ros@rane) ) < 1,

and if 1 <p <2,
17y s,y < min 4T 10 £Oauen |, 1 [ s aue)*), ).

ii) In particular, if (x) is an orthonormal sequence in Lo(X) and (xy) a finite sequence in Sy,
then for 2 <p < oo

maX{H(xk)Hcp[sp]’ H(xk)HRP[sp]} < Zxks"kHLQ(z;sp);
&
and for 1 <p <2

||Zxk<PkHL2(z 5p) = mf{” Yk Hc T H(zk)”Rp[Sp]}’
k

where the infimum runs over all decompositions xj, = yy + 2, with yi, and 2z in Sp.

Proof. 1) Note that since f € Ly(X) ® Sp, the two integrals

/f (H)du(t) and /f (1)

are well-defined and belong to S),/2. The desired inequalities follow from the corresponding ones
in the previous proposition.

ii) The first inequality immediately follows from i) above. To prove the second take a decom-
position zx = yr + 2. Then again by the previous proposition

||ka90kHL2(z;sp) =< ||Zyk90k||L2(z;sp)+HZZ’CS%HLQ(E;S,,)
k k k

||(3/k)||cp[sp] + H<Z’<)||Rp[s,,]?

whence the desired inequality. O

IN

Recall that (C, R) is considered as a compatible pair by identifying their canonical bases with
that of ¢5. This identification is extended to all spaces Cp, and R,,. Thus any pair (Cp, Ry) is also
compatible. Then the maximum and infimum in Corollary 6.3, ii) are respectively ||(zx)| ¢, [s,1nR,[S,]
and ||(zx)llc,[s,)+R,[s,]- For notational simplicity, we introduce the following

Definition 6.4 For 1 < p < oo define
CR,[Sp) = Cp[Spl N R[Syl if p>2 and CR,[S,] = Cp[Sp] + R[Sy if p < 2.
Since CylSy] = 5,[C,) and R,[S,] = S,[R,),
IS, N Ry[S,] = $,1Co N R,] and G,[S,] + Ry[S,] = S,(C, + Ry]

with equivalent norms; moreover, the equivalence constants are controlled by a universal one. By
Corollary 5.2, these identities are also completely isomorphic. Thus if we define CR, = C, N R,
for p > 2 and CR, = C, + R, for p < 2, we obtain CR,[S,] = Sp[C'R,] with complete equivalent
norms.

We are now well prepared for our noncommutative Khintchine inequalities.

6.3 Rademacher sequences. The following is the noncommutative Khintchine inequality for
Rademacher variables (ej) due to Lust-Piquard and Pisier.
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Theorem 6.5 Let 1 < p < oo and (zx) be a finite sequence in S,. Then
| ZxkekHLP(Q;SP) ~ep ||(xk)HCRp[sp] :
k
More precisely,

i) if 2 <p < oo, then

||('rk)HCRp[SP] < ZxkEnHLP(Q;SP) < C\/f’H(xk)HCRp[sp];
k

ii) if 1 <p<2, then

! H(mk)HcRp[sp] < ZxkskHLp(Q;sp) = H(xk)HCRp[Sp]’
k

where ¢ is a universal positive constant.

Proof. The lower estimate in i) and the upper estimate in ii) follow from Corollary 6.3. We will
prove only the lower estimate in ii) for p = 1, following the recent approach of Haagerup and
Musat [HM]. The reader is referred to [LPP] for the proof of all remaining cases and to [P2] for
the optimal order of the best constant for the upper estimate in 1i).

By duality, the lower estimate of ii) for p = 1 is equivalent to the following statement:

() For any finite sequence (1) C So there exists a function f € Lo (€2; Sso) such that

f(ék) =z and |[|f|ro(s.) ¢ ||(xk)HCRoo[Sw]’

~

where f(er) = E(fer) with E denoting the expectation on the probability space (2, P).

Let xp € S be selfadjoint and such that H(Jck)HCR (Seo] < 1. Let

9= Zé?kxk-
k

Then
> = Zxﬁ + Zejek(xjxk + zpxj)
k i<k
and
2
E(g%) = (in) +Z(xjxk+xkxj)2
k i<k
142 Z(xjxixj + :ckx?;z:k)
i<k

1+22xj(2xi)xj <3.

J k#j

IN

Now let A be a positive number to be determined later. Set
fx=glx n(g) and grx=g-fr,

where 1j_» xj(g) denotes the spectral projection of g corresponding to the interval [-A, A]. By
definition, || fxllz_(@;5..) < A On the other hand, letting 2, = E(gxey), we have

S22 <E(g).
k
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However,
Ng3 < gt
Therefore, combining the preceding inequalities, we find
/ / - / V3
122D e = NG Ny <A EEN) sy < 5
2

For A = 2v/3 let
f(O) = f)\ ) x](CO) = E(f(O)Ek)a Z](CO) = Zk-

Then

we =" + 27 1 Ole@sn <293, 1) ler s

IN

1
5"
(0)
k

Repeating the same argument with 2z, instead of x, we find a function f(*) and a finite sequence

(2tM) such that

25" =2 + 2V, 1P e@s) <2V3, 1) loris

IN
N |

where )
2V = E(fWey).

Continuing this procedure we obtain a sequence ( f (”)) of functions and a sequence (:cfcn)) in Soo
such that
we=3 27", [ F s <2V, 2l =E(fMer).
n>0

Put
f= 27,
n>0

Then
IfllLw sy <4V3 and @y = E(fer).

Thus the statement (%) is proved for selfadjoint xj. The general case is easily reduced to the
selfadjoint case by decomposing each x; into its real and imaginary parts. Note that the final
constant ¢ obtained in this way is 8/3. We refer to [HM] for a more careful argument which yields
a constant /3. O

Remark 6.6 Let R, be the closed subspace of L, () generated by the e;. Using Corollary 5.2,
we can rephrase Theorem 6.5 as the fact that R, is completely isomorphic to CR,. This remark
also applies to Theorems 6.8 and 6.9 below.

Remark 6.7 The Rademacher sequence (g)) can be replaced by a standard Gaussian sequence.
More generally, let (¢r) be an independent sequence of random variables on (£2, P). Assume that
(¢r) is symmetric in the sense that () has the same distribution as () for any sequence of
signs. Assume further that

0 <infflpellp, sup el <oo forl<p<2
c k

and
0< ir]%f lloxll2,  supllokllp, < oo for2 <p < occ.
k

Then Theorem 6.5 holds for (yy) instead of (gf) with relevant constants depending on ().
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Since now we are in the noncommutative setting, it is natural to consider Khintchine type
inequalities for noncommutative random variables instead of (). We first consider the tracial
case by giving two important examples. Namely, free generators and semicircular systems. We
start with free generators.

6.4 Free generators. Consider a discrete group G. Let (J4)4ec be the canonical basis of £5(G),
i.e., 0, is the function on G that takes value 1 at g and zero elsewhere. Let A : G — B(l2(G))
be the left regular representation. Namely, for any g € G, A(g) is the unitary operator on ¢5(G)
defined by

(Me)e)(h) =@(g7'h), h,g€ G, ¢ € b(G).

Note that A(g)d, = dgp, for all g,h € G. Then the group von Neumann algebra V. N(G) is the von
Neumann subalgebra of B(¢2(G)) generated by {A(g) : g € G}. Namely, VN(G) is the w*-closure
of all finite sums ) ayA(g) with oy € C. VIN(G) also coincides with the left convolution algebra
of £2(G). Recall that if ¢,1 € £2(G), their convolution is defined by

pr(g) =D wh)p(h™tg), geGq.

heG

Then = € VN(G) iff there exists ¢ € l2(G) such that xy) = ¢ x ¢ for every ¢ € £2(G). Let ¢ be
the vector state on V. N(G) determined by e, i.e., 7q(z) = (xd., 0.) for any x € VN(G). Then it
is easy to check that 7¢ is faithful and tracial.

If we identify an operator z € V. N(G) with its symbol zd, in £3(G), then Lo(VN(G)) is nothing
but ¢5(G). L1(VN(Q)) is traditionally called the Fourier algebra of G and denoted by A(G). Since
an operator in L1 (VN (QG)) is a product of two operators in Ly(VN(G)), a function ¢ on G belongs
A(QG) iff there exist two functions 1, p € €2(G) such that ¢ = ¢ p. We refer to [KR] for more
information.

If G is abelian, VN(G) ie equal to Loo(é)7 so is commutative, where G is the dual group of G.

An important example of non abelian groups is a free group F on n generators (gi) with
n € N U {oo}. The sequence (A(gg))r of the unitary operators given by the generators is of
particular interest. With a slight abuse of terminology, we will also call it a sequence of free
generators. Note that (A(gr))x is orthonormal in Lo(VN(F)). Let us determine its linear span in
VN(F). To this end let Fj, be the closed subspace of ¢5(FF) generated by all those basic vectors d,
for which g is a reduced word starting with gk_l. The Fy, k= 1,2, ..., are mutually orthogonal. Let
Fi. be the orthogonal projection from ¢5(F) onto Fj. Now, given a finite sequence (ax) C C write

Do arAgr) = Y arAlge) Fr + Y carAgn) Fi
k k k
By the mutual orthogonality of the Fj, we have
| Z arA(gr) Fi Hio = | (Z ak)\(gk)]:k)(z apA(gk) Fr)* Hoo
k

= HZ|C¥1€|2 (1) FrA(gx)” Z|ak|2

To treat another term, observe that for k # j the range of /\(gk)*)\(gj)fj- is contained in Fj, so
FirMgr)*Mg;)Fi- = 0. Then it follows that

1" awhlgn) 7|12,
k

Zak/\ 9k ‘Fk Zak/\ 9k ]:k )H

I Z|ak|2fkl|\oo < Z|ak|2-
k K
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Therefore,

1Y axdon)]| <203 laxl?)?.
k

k

The converse inequality with constant 1 is obvious for
I ZGM (91| 2 | Zam (a0)ll, = (X lowl?) .
k

Consequently, for any 1 < p < oo the closed subspace generated by the A(gy) in L,(VN(F)) is
isomorphic to ¢3. More precisely, for any finite sequence (ay) C C,

||ch (95| Z\a %),

where ¢ is a universal constant. This inequality remains true if the scalar coefficients (ay) are
replaced by operator coefficients. The resulting inequalities are the Khintchine inequality for
free generators. In the following statement L,(B(¢2)®V N(F)) is the noncommutative L,-space
associated with the von Neumann tensor product B(¢2)@V N(IF), equipped with the tensor trace
Tr ® 7, which is a normal semifinite faithful trace. Note that

Ly(B(l2) @V N(F)) = Sp[Lp(V N (F))].
The following theorem is due to Haagerup/Pisier [HP] for p = oo, 1 and to Pisier [P2] for 1 < p < oc.

Theorem 6.8 Let 1 < p < oo and (zx) be a finite sequence in S,. Then
(6.3) H Z T ® )‘(gk)HLp(B(eZ@VN(F)) ~e H(wk)HCRP[SP]
k

with a universal constant c. Moreover, the closed subspace of L,(VN(F)) generated by the A(gx) is
completely complemented in L,(VN(F)) with relevant constant < 2.

Proof. Here we prove (6.3) only in the cases p = 00,1 and the complementation assertion. The
remaining cases are postponed to subsection 6.6. For p = oo we have the following inequalities

(6.4) H(xk)HCROC[Sm] < H Zxk ® )\(gk)HB(Eg)@)VN(]F) < 2“(xk)”CROO[SOC]
k

for any finite sequence (zj) C Ss. The proof of the second inequality above is the same as in the
scalar case. Let us show the first one. Take a unit vector £ € £5. Then

[DBETE=EYCS — <sz®x<gk><s®ae>,szm(gk)(s@ae»
k k
= <Z$k( Oy Zxk ) ® dg,.)
k
Z<$k(§ 7 Ty 5 = Zxkxk 6 s §>7
k

k

whence

(i) * [ < 1m0 @ M|,
k k

Taking adjoints, we find

(S wa) [ < 13 2 ® M) -
k k
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Therefore, the lower estimate of (6.4) is proved.
Dualizing (6.4), we get the case p = 1:

1
(6.5) 5 H(xk)HCRl[Sl] = ” zk:xk ® )‘(gk)||L1(B(e2)®VN(F)) < ||(xk)HCR1[S1]

for any finite sequence (zy) C S1. Indeed, let (yi) C S be such that

H(wk)Hch[Sl] - ZTI‘(yZiEk) and ||(yk)HCR00[SOO] <1
k

(see Proposition 6.1 iii)). Set

= 2, ®\Ngr) € Li(B()RVN(F) and y=> yx @ Agk) € B(f2)RVN(F).
k k

Then by (6.4)

> Tr(yiar) = Tromw(y'e) < ylo 2l < 20 )llorais.) lelh < 2]l
k

This is the lower estimate of (6.5). To show the upper estimate we consider the projection P
from the algebra of all finite sums > ayA(g) with oy € C onto the linear span of the A(gx). Let
Q = I — P. It is easy to see that P(z) and Q(x) are orthogonal relative to the scalar product of
Lo (VN(F)). Thus the extension of P on Lo(V N (F)) is the orthogonal projection from Lo (V N(F))
onto the closed subspace generated by the A(gr). Now let 2 =} px,® A(g) be a finite sum with
Zg € Soo. Write

v =idg, ® P(x) +ids,, @ Q(z) = Y xx ® Mgx) +ids, ® Q(x).
k

Then using the argument yielding the first inequality of (6.4), we get

(6.6) l@ollor s < el

Together with a duality argument as above, this inequality implies the upper estimate of (6.5).
Combining (6.4) and (6.6), we get

1P (@)oo < 2/|2/loc -

This implies that P extends to a completely bounded normal projection on VN(F). Indeed, by
the density of all finite sums > 2y ® A(g), T4 € S1, in L1(B(2)®V N (F)), we find that (6.5)
shows that P admits an extension on Li (VN (F)) which is completely bounded with cb-norm < 2.
Taking adjoint, we obtain the desired completely bounded normal extension of P on V N(F). The
complete boundedness of P on L,(VN(F)) is then proved by interpolation. O

6.5 Semicircular systems. Let H be a complex Hilbert space. The associated free (or full)
Fock space is defined by
F(H) =P H®",
n>0
where H®? = C1 (1 being a unit vector, called vacuum), and H®" is the n-th Hilbertian tensor
power of H for n > 1. The (left) creator associated with a vector £ € H is the operator on F(H)
uniquely determined by
Mm@ @nN =ERM - Q1
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for any n1,...,m, € H. Here m; ® - - - ® n,, is understood as the vacuum 1 if n = 0. It is clear that
¢(€) is bounded and |[c(£)]| = ||€]||- The adjoint of ¢(§) is given by

)M @ =N, )M Ny

for any n1,...,m, € H with n > 1 and ¢(£)*1 = 0. This is the annihilator associated with £ and is
denoted by a(£). Note that the map £ — ¢(€) is linear, while £ — a(&) is anti-linear. We have the
following free commutation relation:

(6.7) a(n)e(€) = (& m1, V& neH.

Now assume that H is the complexification of a real Hilbert space Hg. The vectors Hgr are
called real. Let £ € H be real and define

s(§) = c(§) + a(§).

s(€) is a semicircular element in Voiculescu’s sense. We will also call it a free Gaussian variable.
Note that the map & — s(§) is real linear from Hg into B(F(H)). Then the free von Neumann
algebra T'(H) associated with H is the von Neumann subalgebra of B(F(H)) generated by all s(£)
with real £ € H:
To(H) = {s(¢) : € € Hr}" C B(F(H)).

The vector state 79 defined by the vacuum, x — (21, 1) is faithful and tracial on I'o(H). We refer
to [VDN] for more information.

Let us mention some basic properties of free Gaussian variables. Let £ € H be a unit real
vector. By definition, s(§) is selfadjoint; its spectrum is [—2,2] and the corresponding measure
induced by g is the so-called Wigner measure

du(t) = % Vi— £t
Thus for any 1 < p < o
2 dt1/p
Is@)|, = [/_2 A
Therefore,

8
ls@lle =2 [s@l, =1 5@, =5,
Now let (£) be an orthonormal sequence of real vectors of H. (s()) is then called a standard
semicircular system. Like the classical standard Gaussian variables, (s({)) has the following
invariance property. Let (ax) C R be such that Y, |ag|*> = 1. Then > axs(&) (convergence in
the strong operator topology) is again a free Gaussian variable, i.e., s(§) with £ = >, ay &. More
generally, if s(&1),...,s(&,) is a standard semi-circular system and if v = (u;z) is an orthogonal
n X n matrix, then

( Z u]ks(fk)) 1<j<n

k=1
is still a standard semi-circular system. Indeed,

> uirs(&) = s> ujn &) = s(n;),
k=1 k=1

where 1, = Y, ujr &. The n; form an orthonormal family. This orthogonal invariance implies
that if (s(&)) is a standard semicircular system, then for (o) C R such that Y, |ax|? < co and

any 1 <p < oo
I aws@l], = (3l ||s@)]] -

k>1 k>1
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In particular, (s(§)) is an orthonormal sequence in Ly(T'(H)).

For simplicity we now assume that H is infinite dimensional and separable and put I'y = T'g(H).
Let (ex) be an orthonormal basis of H and set s = s(ex). Thus (sx) is a semicircular sequence
and Ty is generated by the s;. The following inequality for semicircular systems comes from [P2].

Theorem 6.9 Let 1 < p < oo and (zx) be a finite sequence in S,. Then
(6.8) | Zxk ® Sk||Lp(B(e2)®ro) ~e H(Ik)HCRp[Sp] :
k

Moreover, the closed subspace of L,(T'g) generated by the sy is completely complemented in L,(Tg)
with constant 2.

Proof. This proof is similar to that of Theorem 6.8. Again, the case 1 < p < oo will be proved
later. By the free commutation relation (6.7), we have

I3 e clenl, = [ n @) (S cten)l, = | ol
k

Similarly,

Hzxk ® aler)||, = HZW%H

It follows that

1 1
I @ sel < I o) Bl + (e .
k k k

For the lower estimate, take a unit vector £ € 5. Then

[ @ sl
k

Y

Zxk®sk£®]1 Zxk®8kf®]1)>
= Zxk ®ek,2xk ® eg)

k
= <Zx2xk , &)

k

whence

(S atan) | < | S wew s,
k k

Similarly,

1
I mewi)* [l < 112w @ il
k k

Thus the lower estimate of (6.8) for p = oo follows.
(6.8) for p = 1 and the complementation assertion are proved in the same way as the corre-
sponding assertions of Theorem 6.8. We omit the details. O

Remark 6.10 The free Gaussian variables in the theorem above can be replaced by Bozejko-
Speicher’s g-Gaussians for —1 < ¢ < 1 (see [BKS] and [BS]). This inequality remains also true
for the case ¢ = —1, for which the corresponding Gaussians become the so-called Fermions. Note
that the case ¢ = 1 corresponds to the classical Gaussian case. In strong contrast with the case
—1 < ¢ < 1, the analogue for ¢ = +1 of Theorem 6.9 fails for p = oco.
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6.6 Complete unconditionality. Noncommutative Khintchine inequalities are closely related
to complete unconditionality. Let M be a von Neumann algebra equipped with a normal faithful
tracial state 7. Let (ai) be a sequence in L,(M), 1 < p < co. Assume that the noncommutative
Khintchine inequality holds for (aj): for any finite sequence (z) in Sy

12w ® anlly, senann ~ 1@0llen,s, -
k

It then follows that the subspace E generated by the ay in L,(M) is completely isomorphic to CR,,
(see Remark 6.6). Since the canonical basis of CR,, is completely unconditional, so is the sequence
(ar). Namely, there exists a constant A such that

(6.9) HZekxk@aka S)\HZCCk@aka
k k

for any finite sequence (zx) C S, and any €, = £1. This property can be rephrased as follows.
Given any sequence () of signs the map Zk apap — Zk erapag on F is c¢.b. with cb-norm < \.
Therefore, if the noncommutative Khintchine inequality holds for (ax), then (aj) is a completely
unconditional basic sequence. The converse is also true with some additional mild conditions for
p < 0o. We consider here only the case 1 < p < 2. The following result is proved independently
by the author and Junge/Oikhberg [JO]. The latter paper contains more results of the same type.

Theorem 6.11 Let M be a von Neumann algebra equipped with a normal faithful tracial state 7.
Let 1 <p <2 and (ax)g>1 C Ly(M) be a completely unconditional basic sequence with constant X.
Assume that
§= ir]if lakll, >0 and A =supllaxll2 < oc.
k

Then the noncommutative Khintchine inequality holds for (ay) with relevant constants depending
only on A\, § and A. More precisely, for any finite sequence (xy) C S

(6.10) CdAilH(xk)HCRP[SP] < Zxk ® aka < AX H(xk)HCRp[sp] ’
k

where ¢ is an absolute positive constant.

Proof. Let (xz) C S, be a finite sequence. We then have (6.9). Averaging the left hand side of
(6.9) over the ¢,, and using the noncommutative Khintchine inequality in Theorem 6.5, we get

mf{H(;Y;Yk)”Hp + H(;zkzz)lﬂup} <ehll Z @a],,

where the infimum runs over all decompositions z®ay, = Y;+Z), with Yy, and Zj, in L,(B({2)@M).
Fix such a decomposition z; ® ar = Yy, + Zi. Now choose by € L,/ (M) such that

T(arby) =1 and ||bg|p = ||ak||;1.
Then
2 = id © (2 © a) (1 ® b)) = 1d @ 7(Ye(1® b)) +id © 7(Ze(1 ® bi)) L g + 2.

Note that id ® 7 is the natural conditional expectation from B(f2)®M onto B(¢3) (B(¢3) being
viewed as a von Neumann subalgebra of B(f2)®M via & < z ® 1). Also note that y; and z
belong to S,. We need to majorize ||(3viye)'/?|l, (resp. ||[(X zuzi) 2 |l,) by (YY) 2|,

25



(vesp. |32 ZkZ;)Y?||p). To this end, let (ux) C Sy be such that ||(3°, urpui)/?||,, < 1. By the
Holder inequality in Proposition 6.1

1> Tr(yru)|
%

ZTI‘Id@T(Yk( ®bk Uk ‘ = ‘ZTY@TYk(qu?bk)H

Zukuz ®bkb* 1/2 Yk 1/2H
k

IA

We claim that
172

'’

k

Indeed, this is obvious for p’ = 2 and p’ = oco. Then complex interpolation yields the case
2 < p’ < co. Combining the preceding inequalities, we find

1> Tr(yeu)|
k

1/2

IN

* /
SO vi)' 2Hp
k

IN

1H ZY Yi) 1/21!
Thus taking the supremum over all (uy), we get
1 wiw) 7, < 6 vevi) ),
k k

Similarly,

@zkzz)”ﬂ!p < 61H<2kakzz>”“‘||p

Therefore, we deduce
H(xk)HC’Rp[Sp] <co M| Zwk ® aka
k

To prove the upper estimate we use again the complete unconditionality of (ax) and the non-
commutative Khintchine inequality. Then we have

IS wea, <At {3 vive @ aiar) |, + (3 2z @ arai) |, -
k k k

Tr=Yr+2K

Now our task is to remove ajar and araj, from the terms on the right. To this end we use the
natural conditional expectation E from B(¢3)®M onto B({2), already mentioned earlier. E is
determined by E(z @ u) = 7(u)x ® 1 ~ 7(u)z for x € B(l3) and u € M, ie, E=id® 7. E is
normal and faithful. As usual, E extends to a contractive projection on L,(B(¢2)®@M) for every
1 < ¢ < oo. For our purpose here we need to consider the case ¢ < 1. We claim that if X is a
positive operator in Lq(B({2)®@M) N L1 (B(¢2)®M) with ¢ < 1, then

(6.11) 1 Xlg < TEX)lg -

This is a consequence of the operator concavity of the map X — X9 for 0 < ¢ < 1. Indeed, using
Stinespring’s dilation theorem and Hansen’s inequality [Ha|, we deduce that (E(X))? > E(X1) for
any positive X € B(f2)®M. This clearly implies (6.11).
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Return back to our task. Using (6.11) with ¢ = p/2 (recalling that 1 < p < 2), we deduce that

| i @ aio) ™, = 1S i @ cion]
< ||E[§kjy;yk®a2ak]}|p/z
= I wiwe @ razan]]
B o

sup o |3 wicwr)
k

Therefore,

I vioe i) 2, < A (X wim) ),
k

k

A similar inequality holds for another term involving the zx. It thus follows that
15 o anll, < AN @0l o,
k

This is the desired upper estimate, and so the proof of the theorem is complete. O

End of the proofs of Theorems 6.8 and 6.9. The A(gy) are unitary, so |[A(gx)|l, = 1 for any
1 < p < co. On the other hand, for any sequence (g) of sings, there exists a unique representation
7 of VN(F) determined by 7m(A(gx)) = exA(gr). Moreover, 7 is trace preserving: 7 o m = 7p. It
follows that m extends to a complete isometry on L,(VN(F)) for every 1 < p < co. Therefore, for
any finite sequence (zx) C S, we have

Hzgkxk®>\gk —HZ%@A (gn)]

Thus the sequence (A(gy)) is completely unconditional with constant 1. Then Theorem 6.11 implies
(6.3) for 1 < p < 2. The case p = 2 is trivial. The case 2 < p < oo is obtained by duality and using
the complementation property in Theorem 6.11.

The proof of Theorem 6.9 is similar. This time to get the representation 7 of I'g such that
7(8k) = €Sk, we have to use second quantization (see [VDN]). O

Remark 6.12 There exist many examples satisfying the assumption of Theorem 6.11. This is the
case of a sequence of ¢g-Gaussians mentioned in Remark 6.10. In particular, for ¢ = —1, we get the
noncommutative Khintchine inequality for a sequence of Fermions.

6.7 Generalized circular systems. Remind that we wish to embed OH into a noncommutative
L1-space by using a certain noncommutative Khintchine type inequality. Namely, we have to prove
that OH is completely isomorphic to the closed subspace generated by a sequence of random vari-
ables in an L; (M) for a von Neumann algebra M. Such a sequence cannot satisfy the assumption
of Theorem 6.11 for OH is not completely isomorphic to CR;. In fact, Pisier [P5] showed that
OH cannot completely embed into an Ly (M) with M semifinite (i.e., of type I or IT). This explains
why we are forced to seek for Khintchine type inequalities for random variables in a non tracial
probability space, i.e., the underlying von Neumann algebra is of type III. We give below only one
example of this kind.

Fix an infinite dimensional separable Hilbert space H as in subsection 6.5. Let {e4s}r>1 be an
orthonormal basis of H. We also fix a sequence {\}x>1 of positive numbers. Let

g = c(ex) + Ak ale_y).
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(g9k)k>1 1s a generalized circular system in Shlyakhtenko’s sense [S]. Let I' be the von Neumann
algebra on the full Fock space F(H) generated by the gi. Let p be the vector state on I' determined
by the vacuum 1. Then p is faithful on I. By the identification of L (T") with the predual Ty, p is
a positive unit element of L;(I"), so for any 1 < p < oo, p'/? is a positive unit element of L),
and thus g p'/? € L,(T") for any k.

Shlyakhtenko proved that the algebra T is a type III factor (0 < A < 1) if not all Ay are equal
to 1. T'is not hyperfinite. Recall that I is the free analogue of the classical Araki-Woods quasi-free
CAR factors. The latter factors are hyperfinite type I1I}.

The following is the noncommutative Khintchine type inequalities for generalized circular sys-
tems, proved in [PS] for p = 0o and in [X2] for p < cc.

Theorem 6.13 Let (x,) be a finite sequence in Sy, 1 < p < co.

i) If p>2,

||;mk®gkp%r|Lp<Bu2>®m ~ max{u@xzxk)%np, H@A;‘%xzﬁnp}-
i) If p<2,

1> e ® 9607 |1 ((enyry ~e 10 {H(;y,’;yk)%np - H(;Aii 25) |, ),

where the infimum runs over all decompositions T = yr + 21, in Sp.

iii) Let G, be the closed subspace of L,(I') generated by {gkp%}kZL Then G, is completely com-
plemented in L,(I') with constant 2.

Proof. We prove only the cases p = 00,1 and the complementation assertion. The proof of i) for
p = o0 is the same as that of (6.4). Let us prove iii), which will imply ii) for p = 1 by duality. As
in the semicircular case, consider the projection P from the algebra of polynomials on the g, onto
the linear span of the gg. Let Q@ = I — P. It is easy to see that P(z) and Q(z) are orthogonal
relative to both scalar products (a,b) — p(b*a) and (a, b) — p(ab*). Now let  be a polynomial on
the g with coefficients in So,. Write x as

x=ids,_ ® P(z)+ids_ ®@ Q(z) = Zak ® gr +ids.. ® Q(z).
k

Then using the argument yielding the first inequality of (6.4), we get
1 1
masc {[[ (D agar) * | o (132 M axai) [l o} < lllloo -
k k

Therefore, using i) in the case p = oo, we deduce that P is completely bounded. This implies, in
turn, ii) for p = 1 by duality. Let us also note that P extends to a completely bounded normal
projection on I'. Indeed, by the density of {zp : a polynomial on the g} in Li(T"), we find that
ii) in the case p = 1 shows that P admits a pre-adjoint on Lq(T") which is completely bounded.
Finally, by interpolation we obtain iii) for 1 < p < cc. O

Remark 6.14 In the spirit of Remark 6.6, Theorem 6.11 can be reformulated as a complete
isomorphism between the subspace G, and a weighted version of CR,. Given a sequence (p) of
positive numbers we denote by C((uy)) the weighted f2-space €2((pr)) equipped with the column
Hilbert space structure. More generally, for any p > 1 we define C,((ux)) to be the weighted
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version of C),. Note that Cp,((ug)) is completely isometric to C), and its operator space structure
is determined as follows: for any finite sequence () C S,

1
I zk:x’“ ® eklls, i, = H(zk:m“ wiwn) s, -

Similarly, we define the weighted p-row space R,((ug)). Then Theorem 6.11 implies that G,
is completely isomorphic to C, N R,((ux)) for p > 2 and to C, + R,((1k)) for p < 2, where

e = Ay

Remark 6.15 Theorem 6.11 admits a Fermionic analogue. In this case the corresponding algebra
is an Araki-Woods hyperfinite type III factor. The resulting inequality holds only for p < co and
the relevant constants depend only on p and blow up as p — co. We refer to [J3] and [X1] for more
information (see also [HM] for an alternate approach for the case p = 1).

Exercices:
1) Prove the classical Khintchine inequality (6.1). (Consider first the case of an even integer p.)

2) Prove that there exists no constant ¢, depending on p such that

I kagnHLp(Q;Sp) < ¢p H(x’f)Hcp[sp] ifp>2
k

or
H(xk)Hcp[sp] <o z};xkanLp(Q;sp) ifp<2
holds for all finite sequences (xy) C Sp.
3) Prove Remark 6.7.

4) Let G be a discrete group. Prove that the vector state 7¢ determined by d. is faithful and
tracial on VN(G).

5) Prove that the vector state 7y determined by the vacuum 1 is faithful and tracial on the free

von Neumann algebra T'o(H).

7 Embedding of OH into noncommutative [,

Now we use the Khintchine inequality for generalized circular systems to embed OH completely
isomorphically into a noncommutative Li-space, i.e., to show that OH is completely isomorphic
to a subspace of a noncommutative L;. This is a remarkable theorem of Junge [J2]. The following
representation of OH as a quotient of a subspace of C'® R will be crucial.

Theorem 7.1 OH is completely isometric to a quotient of a subspace of C G R.

The direct sum in the /,.-sense can be replaced by a direct sum in the ¢;-sense at the price
of a constant 2. Since the complete embeddings in the sequel are only completely isomorphic, we
will forget the index oo or 1 in all direct sums. The preceding theorem is Exercice 7.8 of [P3]. The
proof there gives the following more precise statement.

Theorem 7.2 There exists an injective positive selfadjoint (unbounded) operator A : C — R such
that OH is completely isometric to a quotient of G(A), where G(A) is the graph of A

G(A) = {(h,Ah) : he D(A)} CC @R,

considered as a subspace of C & R.
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Recall that both C' and R are isometric to ¢ as Banach spaces. Thus A is an operator on f5
with domain D(A). Since A is positive and injective, its range is also dense. Passing to duality,
we see that OH* is completely isometric to a subspace of G(A)*. Since OH* = OH completely
isometrically, embedding OH into an L, is reduced to embedding G(A)* into an L;.

To see why Khintchine type inequalities can help us for such a matter, let us describe the
operator space structure of G(A):

G(A)={(h, A(h)) : he D(A)}CCd®x R.
Let x € So and hy, € D(A). Let 2 = Y, 21 ® (hi, A(hk)) € Soc @min G(A). Then
1/2

s ommaa) = max {[| 3w hpaian|[2 || S (A, Ahy))aya]
khj kl]

1/2
st

This is a continuous version of the space (for p = 0o0) introduced in Remark 6.14. To simplify our
discussion and without loss of generality by a simple argument of approximation, we may assume
that A has pure point spectrum, i.e., £5 has an orthonormal basis (ey) of eigenvectors of A. Let
(111) be the associated eigenvalues: Aey = preg. It then follows that G(A) coincides (completely
isometrically) with the diagonal subspace C' N R((Ag)) of C Soo R((Ag)), where A\, = 3.

By duality, we deduce that G(A)* = C; + Ri((\;')). More precisely, the operator space
structure of G(A)* is determined as follows: for any finite sequence () C S:

lellsyioay = inf {1 viwe) Il + 1A =), )
k k

where the infimum runs over all decompositions zy = yi + zx in S;. Therefore, by the Khintchine
inequality in Theorem 6.13 with p = 1, G(A)* is completely isomorphic to G; there. Thus we have
proved the following

Theorem 7.3 OH is completely isomorphic to a subspace of a noncommutative Ly-space.

Remark 7.4 i) The proof of Theorem 7.3 gives much more. In fact, it shows that the dual space
of any graph in C @ R completely embeds into an L;. From this one can deduce that a quotient
of a subspace of C'® R completely embeds into an L. We refer to [J2], [P4] and [X1] for more
information.

ii) The von Neumann algebra I is not hyperfinite. OH also completely embeds into the predual
of a hyperfinite algebra (see [J3], [HM]).
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