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Basic objects in Operator Algebras.

• Let H be a complex Hilbert space. By B(H), we denote the

vector space of all continuous linear mappings T : H → H.

Recall that B(H) is an algebra, when it is equipped with the

multiplication given by composition of mappings: ab = a ◦ b.

• A unital C∗-algebra is a subalgebra of B(H), which contains

the unit 111 of B(H), and which is closed w.r.t. the adjoint

operation T 7→ T ∗:

〈Tξ, η〉 = 〈ξ, T ∗η〉, (ξ, η ∈ H),

and w.r.t. the operator norm:

‖T‖ = sup{‖Tξ‖ | ξ ∈ H, ‖ξ‖ ≤ 1}.

• A von Neumann algebra is a unital C∗-algebra which is, in

addition, closed in the weak operator topology, i.e. the weak

topology on B(H) induced by the linear funtionals:

T 7→ 〈Tξ, η〉, (T ∈ B(H), ξ, η ∈ H).
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• A state on a unital C∗-algebra A is a linear functional φ : A→
C, which is positive (i.e. φ(a∗a) ≥ 0 for any a in A) and

satisfied that φ(111) = 1.

• A state φ on a unital C∗-algebra A is faithful, if φ(a∗a) > 0

for any non-zero operator a in A.

• A state φ on a von Neumann algebra A is normal, if φ|(A)1 is

continuous w.r.t. the weak operator topology.

• A state τ on a unital C∗-algebra A is a trace, if it satisfies

that

τ (ab) = τ (ba), (a, b ∈ A).
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Non-commutative probability spaces.

Definition. A C∗-probability space is a pair (A, φ), where A is

a unital C∗-algebra and φ is a state on A.

Definition. A W ∗-probability space is a pair (A, τ ), where A is

a von Neumann algebra and τ is a faithful normal state on A.

Random variables. If (A, φ) is a C∗-probability space, we

shall consider all operators in A as “non-commutative random

variables”. For a in A, we think of φ(a) as the expectation of

a w.r.t. φ.
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Spectral theory.

Spectrum. Let a be an operator in a unital C∗-algebra A. Then

the spectrum sp(a) of a is the set

sp(a) = {λ ∈ C | a− λ111 is not invertible}.

Since a is a bounded operator, sp(a) is a compact subset of A.

Spectral mapping. If a is a selfadjoint operator in a unital C∗-

algebra A, then sp(a) is a compact subset ofR. For any polynomial

p in C[X ], we let p(a) ∈ A have the obvious meaning. Then the

mapping

p 7→ p(a) : C[X ]→ A,

has a unique extension to a mapping

Φa : f 7→ f (a) : C(sp(a))→ A.

This mapping satisfies the properties:

(f + zg)(a) = f (a) + zg(a),

fg(a) = f (a)g(a),

f (a) = f (a)∗,

sp(f (a)) = f (sp(a)),

for any functions f, g in C(sp(a)) and any complex number z.

If A is a von Neumann algebra, Φa can be extended to the class of

all bounded Borel functions f : R→ R.
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Distributions of non-commutative random variables.

Classical Probability. Consider a probability space (Ω,F, P )

and random variables X : (Ω,F) → (R,B). Any such random

variable X gives rize to a probability measure µX on (R,B) via:

µX(B) = P (X ∈ B) = P (X−1(B)), (B ∈ B).

We call µX the distribution of X and denote it also by L{X}.
This distribution satisfies, moreover, that∫

R

f (t)µX(dt) = E{f (X)},

for any bounded Borel funtion f : R→ R.

Non-commutative Probability. Let (A, φ) be aC∗-probability

space, and let a be a selfadjoint operator in a A (i.e. a∗ = a). Then

there exists a unique probability measure µa on (R,B), such that∫
R

f (t) µa(dt) = φ(f (a)), (f ∈ C(sp(a))).

We call µa the distribution of a w.r.t. φ, and denote it also by

L{a}. We always have that supp(µa) ⊆ sp(a), so, in particular,

µa is compactly supported.
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Classical Independence. Two random variables X and Y on

(Ω,F, P ) are independent if and only if

E

{
[f (X)− E{f (X)}] · [g(Y )− E{g(Y )}]

}
= 0,

for any bounded Borel functions f, g : R→ R.

Free Independence. Let a1, a2, . . . , ar be operators in a C∗-

algebra A, and let φ : A→ C be a state. Then a1, a2, . . . , ar are

freely independent w.r.t. φ if

φ
{

[p1(ai1)− φ(p1(ai1))] · · · [pk(aik)− φ(pk(aik))]
}

= 0,

for all k in N, all polynomials p1, . . . , pk in C[X ] and all indices

i1, i2, . . . , ik in {1, 2, . . . , r}, such that

i1 6= i2, i2 6= i3, . . . , ik−1 6= ik.

Remark. If a1, . . . , ar are freely independent operators in a C∗-

probability space (A, φ), then all mixed moments:

φ(ai1ai2 . . . aip), (p ∈ N, i1, i2, . . . , ip ∈ {1, 2, . . . , r})

are uniquely determined by the marginal distributions

L{a1}, . . . , L{ar}.

7



Example. [Non-trivial classical random variables can-

not be freely independent]

Let X and Y be random variables on (Ω,F, P ) with moments of

all orders (so that the definition of X being free from Y makes

sense!!). If X and Y are freely independent w.r.t. E, then one of

them has to be a constant (almost surely). Indeed, assume that X

and Y are free and put mX = E(X) and mY = E(Y ). Then by

free independence we have:

0 = E
{

(X −mX)(Y −mY )(X −mX)(Y −mY )
}

= E
{

(X −mX)2(Y −mY )2
}

= E{(X −mX)2}E{(Y −mY )2},

where the last equality is another consequence of the free indepen-

dence. Hence, either X or Y has to be a constant (almost surely).
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The Central Limit Theorem.

Theorem [Cassical CLT]. Let X1, X2, X3, . . . , be a sequence

of i.i.d. (classical) random variables defined on the same probability

space (Ω,F, P ), and such that E{X2
1} <∞. Put ξ = E{X1} and

σ2 = V{X1}, and consider the normalized random variables:

Sn =
1√
n

n∑
j=1

(Xj − ξ
σ

)
, (n ∈ N).

Then

Sn
d→ N(0, 1), as n→∞.

Theorem [Voiculescu]. Let (aj)j∈N be a family of freely in-

dependent random variables in a C∗-probability space (A, φ), and

such that

(a) φ(aj) = 0, for all j in N.

(b) supj∈N |φ(akj )| <∞, for all k in {2, 3, . . . }.

(c) limn→∞
1
n

∑n
j=1 φ(a2

j) = 1.

Consider the normalized sums:

sn =
1√
n

(a1 + · · · + an), (n ∈ N).

Then the sequence sn converges, in moments, towards the semi-

circle law 1
2π

√
4− t2 · 1[−2,2](t) dt, i.e.

lim
n→∞

φ(skn) =
1

2π

∫ 2

−2

tk
√

4− t2 dt, (k ∈ N).
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Definition. Let (A, φ) be a C∗-probability space. A free semi-

circular system in (A, φ) is a family {x1, x2, . . . , xr} of selfadjoint

operators in (A, φ) satisfying that

• x1, . . . , xr are freely independent.

• For each i in {1, 2, . . . , r}, L{xi} = 1
2π

√
4− t2 · 1[−2,2](t) dt.
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Free group factors.

Let G be a discrete group and consider the Hilbert space

`2(G) =
{

(yg)g∈G
∣∣ yg ∈ C, ∑g∈G |yg|2 <∞

}
.

For each g in G, let Lg : `2(G) → `2(G) be the linear operator in

B(`2(G)), given by:

Lg((yh)h∈G) = (yg−1h)g∈G.

Then Lg is a unitary in B(`2(G)), and we put

• L(G) = W ∗({Lg | g ∈ G}) ⊆ B(`2(G)).

• C∗red(G) = C∗({Lg | g ∈ G}) ⊆ B(`2(G)).

The von Neumann algebra L(G) is called the group von Neumann

algebra associated to G. The C∗-algebra C∗red(G) is called the

reduced C∗-algebra associated to G.

Definition. A group G is called an i.c.c. group, if, for any h in

G \ {1G}, the conjugacy class {ghg−1 | g ∈ G} is infinite.

Theorem [Murray-von Neumann]. If G is an i.c.c. group,

then L(G) is a factor, i.e.

{a ∈ L(G) | ∀b ∈ L(G) : ab = ba} = C111.

Furthermore, L(G) is infinite-dimensional and has a faithful nor-

mal trace τ . Altogether, L(G) is a von Neumann factor of type

II1.
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Question I. Suppose G and H are two i.c.c. groups. Does the

following implication hold:

G 6' H =⇒ L(G) 6' L(H)?

Answer: No: If G is i.c.c. and amenable then L(G) is isomorphic

to the hyperfinite II1-factor. Two non-isomorphic, amenable, i.c.c.

groups are:

G = S∞ and H =
{(a b

0 1

) ∣∣∣ a ∈ Q+, b ∈ Q
}
.

Question II. For each n in N, let Fn denote the free group on

n generators. If n,m ∈ N, n 6= m, then Fn 6' Fm. But is it true

that

L(Fn) ' L(Fm)?

Theorem [Voiculescu]. Let n be a positive integer. Then the

II1-factor L(Fn) is generated, as a von Neumann algebra, by a

semi-circular system

{x1, x2, . . . , xn} ⊆ L(Fn).

Theorem [Voiculescu, Dykema, Radulescu]. One of the

following two extremes hold:

(i) For any n,m in N, L(Fn) ' L(Fm).

(ii) For any distinct n,m in N, L(Fn) 6' L(Fm).
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Creation Operators on full Fock space.

Let H be a (complex) Hilbert space with orthonormal basis (ei)i∈I ,

and consider the full Fock space

T(H) = CΩ⊕
⊕
n∈N

H⊗n

Then with

E = {ei1 ⊗ · · · ⊗ ein | n ∈ N, i1, . . . , in ∈ I},

the set {Ω} ∪ E forms an orthonormal basis for T(H).

For h in H the left creation operator `(h) : T(H) → T(H) is

given by:

`(h)Ω = h,

`(h)h1 ⊗ · · · ⊗ hn = h⊗ h1 ⊗ · · · ⊗ hn, (h1, . . . , hn ∈ H).

It is routine to verify that

`(h)∗Ω = 0,

`(h)∗h1 ⊗ · · · ⊗ hn =

{
〈h, h1〉h2 ⊗ · · · ⊗ hn, if n ≥ 2

〈h, h1〉Ω, if n = 1.

Theorem [Voiculescu]. Let (ei)i∈I be an orthonormal basis for

H, and for each i in I put:

s(ei) = `(ei) + `(ei)
∗.

Then the operators s(ei), i ∈ I , are freely independent, and for

each i in I ,

L{s(ei)} =
1

2π

√
4− t2 · 1[−2,2](t) dt.
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Classical and free convolution.

Let µ1 and µ2 be probability measures on R.

Classical convolution. Consider independent (classical) ran-

dom variables X1 and X2, such that L{X1} = µ1 and L{X2} =

µ2. Then

µ1 ∗ µ2 := L{X1 + X2}

Free (additive) convolution. Consider freely independent

selfadjoint operators a1 and a2, such thatL{a1} = µ1 andL{a2} =

µ2. Then

µ1 � µ2 := L{a1 + a2}.
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Unbounded distributions/operators.

Assume that (A, τ ) is aW ∗-probability space, such that A is acting

on the Hilbert space H. If a is a (possibly unbounded) selfadjoint

operator in H, then a is affiliated with A, if f (a) ∈ A for any

bounded Borel function f : R→ R.

Facts:

• If a is a selfadjoint operator affiliated with A, there exists, as

in the bounded case, a unique probability measure L{a} on

R, such that∫
R

f (t) L{a}(dt) = τ (f (a)), (f ∈ Bb(R)).

We refer to L{a} as the (spectral) distribution of a.

• If a1, a2, . . . , ar are selfadjoint operators affiliated with (A, τ ),

we say that a1, a2, . . . , ar are freely independent, if, for any

f1, f2, . . . , fr ∈ Bb(R), f1(a1), f2(a2), . . . , fr(ar) are freely

independent.

• Any two probability measures µ1 and µ2 on R can be real-

ized as the distributions of two freely independent selfadjoint

operators a1 and a2 affiliated with some W ∗-probability space

(A, τ ).

• If a1 and a2 are freely independent selfadjoint operators af-

filiated with A, then L{a1 + a2} is uniquely determined by

L{a1} and L{a2}.
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Cumulant transforms.

Classical cumulant transform: For a probability measure µ

on R, we define the (classical) cumulant transform Cµ by

Cµ(u) = log

∫
R

eisu µ(ds), (u ∈ R).

The key property of the cumulant transform is that

Cµ1∗µ2(u) = Cµ1(u) + Cµ2(u), (u ∈ R),

for any probability measures µ1, µ2 on R.

Free cumulant transform: For a probability measure µ on R,

the Cauchy transform Gµ : C+ → C
− is defined by:

Gµ(z) =

∫
R

1

z − t
µ(dt), (z ∈ C+).

It turns out that the mapping Fµ := 1
Gµ

: C+ → C
+ always has a

right inverse, F−1
µ , defined on a region of the form:

Γ(η,M) = {x + iy ∈ C+ | x2 + y2 > M 2, |x| < ηy}

where η and M are positive numbers.

The free cumulant transform Cµ is defined by

Cµ(z) = zF−1
µ (1

z)− 1 = zG−1
µ (z)− 1 = zRµ(z),

for z in the region {x − iy ∈ C− | x2 + y2 < M−2, |x| < ηy}.
The key property of the free cumulant transform is that

Cµ1�µ2(z) = Cµ1(z) + Cµ2(z),

for any probability measures µ1, µ2 on R.
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Definition. A probability measure µ onR is�-infinitely divisible

if, for any n in N, there exists a probability measure µn on R, such

that

µ = µn � µn � · · ·� µn︸ ︷︷ ︸
n terms

.

We denote by ID(�) the class of all �-infinitely divisible proba-

bility measures on R.

Similarly, ID(∗) denotes the class of all classically infinitely divis-

ible probability measures on R.
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The Bercovici-Pata bijection.

Theorem. [Lévy-Khintchine] Let µ be a probability measure

on R with cumulant function Cµ. Then µ is ∗-infinitely divisible,

if and only if Cµ has the Lévy-Khintchine representation:

Cµ(u) = iηu− 1
2au

2 +

∫
R

(
eiut − 1− iut1[−1,1](t)

)
ρ(dt), (u ∈ R),

where η ∈ R, a ≥ 0 and ρ is a Lévy measure on R, i.e.,

ρ({0}) = 0 and

∫
R

min{1, x2} ρ(dx) <∞.

The triplet (a, ρ, η) is uniquely determined, and it is called the

generating triplet for µ.

Theorem [Bercovici & Voiculescu]. Let ν be a probability

measure on R with free cumulant transform Cν. Then ν is �-

infinitely divisible if and only if there exist a non-negative number

a, a real number η and a Lévy measure ρ, such that

Cν(z) = ηz + az2 +

∫
R

( 1

1− tz
− 1− tz1[−1,1](t)

)
ρ(dt), (z ∈ C−).

In that case, the triplet (a, ρ, η) is uniquely determined and is

called the free generating triplet for ν.

Definition. The Bercovici-Pata bijection Λ: ID(∗) → ID(�)

is defined as follows: For a measure µ in ID(∗) with generating

triplet (a, ρ, η), Λ(µ) is the measure in ID(�) with free generating

triplet (a, ρ, η).
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Theorem [Barndorff-Nielsen+T]. For any probability mea-

sure µ in ID(∗), we have

CΛ(µ)(iζ) =

∫
R

Cµ(ζx)e−x dx, (ζ < 0).

Proof. Recall that for any z in C with Rez < 1 we have

1

1− z
=

∫ ∞
0

ezxe−xdx

implying that for ζ real with ζ ≤ 0

1

1− iζt
− 1− iζt1[−1,1](t) =

∫ ∞
0

(
eiζtx − 1− iζtx1[−1,1](t)

)
e−xdx.

Now, let µ from ID(∗) be given and let (a, ρ, η) be the generating

triplet for µ. Then for ζ in ]−∞, 0[ we have

CΛ(µ)(iζ)

= −aζ2 + iηζ +

∫
R

( 1

1− iζt
− 1− iζt1[−1,1](t)

)
ρ(dt)

= −aζ2 + iηζ +

∫
R

∫ ∞
0

(
eiζtx − 1− iζtx1[−1,1](t)

)
e−x dx ρ(dt)

= −aζ2 + iηζ +

∫ ∞
0

e−x
∫
R

(
eiζtx − 1− iζtx1[−1,1](t)

)
ρ(dt) dx

=

∫ ∞
0

e−x
(
− 1

2
aζ2x2 + iηζx +

∫
R

(
eiζtx − 1− iζtx1[−1,1](t)

)
ρ(dt)

)
dx,

=

∫ ∞
0

e−xCµ(ζx) dx,

where we have used the formula: n! =
∫∞

0 xne−x dx, (n ∈ N).
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Notation. Let µ be a probability measure on R and let X be a

random variable such that L{X} = µ. Then for any real constant

c we put Dcµ = L{cX}.

Theorem [Barndorff-Nielsen+T]. The Bercovici-Pata bijec-

tion Λ has the following algebraic properties:

(i) If µ1, µ2 ∈ ID(∗), then Λ(µ1 ∗ µ2) = Λ(µ1)� Λ(µ2).

(ii) If µ ∈ ID(∗) and c ∈ R, then Λ(Dcµ) = DcΛ(µ).

(iii) For any c in R, Λ(δc) = δc.

Proof of (ii): For ζ < 0 we have

CΛ(Dcµ)(iζ) =

∫
R

CDcµ(ζx)e−x dx =

∫
R

Cµ(cζx)e−x dx

= CΛ(µ)(icζ) = CDcΛ(µ)(iζ).

The result then follows from uniqueness of analytic continuation.
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Examples.

(1) Let µ be the standard Gaussian distribution, i.e.

µ(dx) =
1√
2π

exp(−1
2x

2) dx.

Then Λ(µ) is the semi-circle distribution, i.e.,

Λ(µ)(dx) =
1

2π

√
4− x2 · 1[−2,2](x) dx.

(2) Let µ be the Poisson distribution with parameter λ > 0, i.e.

µ({n}) = e−λ
λn

n!
, (n ∈ N0).

Then Λ(µ) is the free Poisson distribution, i.e.

Λ(µ)(dx)

=

(1− λ)δ0 + 1
2πx

√
(x− a)(b− x) · 1[a,b](x) dx, if 0 ≤ λ ≤ 1,

1
2πx

√
(x− a)(b− x) · 1[a,b](x) dx, if λ > 1,

where a = (1−
√
λ)2 and b = (1 +

√
λ)2.

(3) Let µ be the Cauchy distribution, i.e.

µ(dx) =
1

π(1 + x2)
dx.

Then Λ(µ) = µ.
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Classes of probability measures on R.

In classical probability theory we have the following hierarchy:

G(∗) ⊂ S(∗) ⊂ L(∗) ⊂ ID(∗) ⊂ P

where

• P is the class of all probability measures on R.

• ID(∗) is the class of infinitely divisible probability measures

on R, i.e.

µ ∈ ID(∗) ⇐⇒ ∀n ∈ N ∃µn ∈ P : µ = µn ∗ µn ∗ · · · ∗ µn︸ ︷︷ ︸
n terms

.

• L(∗) is the class of selfdecomposable probability measures on

R, i.e.

µ ∈ L(∗) ⇐⇒ ∀c ∈ ]0, 1[ ∃µc ∈ P : µ = Dcµ ∗ µc,

where Dcµ(B) = µ(c−1B) for any Borel set B in R.

• S(∗) is the class of stable probability measures on R, i.e.

µ ∈ S(∗) ⇐⇒ {ψ(µ) | ψ : R→ R, increasing affine transformation}
is stable w.r.t. ∗ .

• G(∗) is the class of Gaussian (or normal) distributions on R.
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Corresponding classes in free probability.

• ID(�) is the class of�-infinitely divisible probability measures

on R, i.e.

µ ∈ ID(�) ⇐⇒ ∀n ∈ N ∃µn ∈ P : µ = µn � µn � · · ·� µn︸ ︷︷ ︸
n terms

.

• L(�) is the class of �-selfdecomposable probability measures

on R, i.e.

µ ∈ L(�) ⇐⇒ ∀c ∈ ]0, 1[ ∃µc ∈ P : µ = Dcµ� µc,

where Dcµ(B) = µ(c−1B) for any Borel set B in R.

• S(�) is the class of �-stable probability measures on R, i.e.

µ ∈ S(�) ⇐⇒ {ψ(µ) | ψ : R→ R, increasing affine transformation}
is stable w.r.t. � .

• G(�) is the class of semi-circle distributions on R.

Question: Do we have the same hierarchy in free probability:

G(�) ⊂ S(�) ⊂ L(�) ⊂ ID(�)?

Remarks.

• It is well-known that G(�) ⊂ S(�).

• Using (for example) the free cumulant transform, it is not hard

to show that S(�) ⊂ L(�).

• It is well-known that S(�) ⊂ ID(�) [Bercovici & Voiculescu].
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Proof of: L(�) ⊂ ID(�).

Theorem. [Bercovici & Pata] For each n inN, let µ1,n, µ2,n, . . . , µn,n
be probability measures on R, and put:

µn = µn,1 � µn,2 � · · ·� µn,n.

Assume that

∀ε > 0 : lim
n→∞

max
j=1,2,... ,n

µj,n
(
R \ [−ε, ε]

)
= 0. (∗)

Then, if µn
w→ µ as n→∞, for some probability measure µ, this

measure µ has to be �-infinitely divisible.

Now, if µ ∈ L(�), we have for any c in [0, 1],

µ = Dcµ� µc
= Dc(Dcµ� µc)� µc
= Dc2µ�Dcµc � µc
= · · ·
= Dcnµ�Dcn−1µc �Dcn−2µc � · · ·�Dcµc � µc.

Now choose c = cn, so that the family{
Dcnµ,Dcn−1µc, Dcn−2µc, . . . , Dcµc, µc

}
satisfies condition (∗) above.
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Theorem. [Bercovici & Pata] The Bercovici-Pata bijection

preserves stability, i.e. Λ(S(∗)) = S(�).

Proposition [Barndorff-Nielsen+T]. The Bercovici-Pata bi-

jection Λ preserves selfdecomposability, i.e. Λ(L(∗)) = L(�).

Proof. Suppose µ ∈ L(∗) and c ∈ ]0, 1[. Then µ = Dcµ ∗ µc,
where, by necessity, µc ∈ ID(∗) too (classical result). Hence, by

the algebraic proporties of Λ,

Λ(µ) = Λ(Dcµ ∗ µc) = DcΛ(µ)� Λ(µc).
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A significant difference between the classical and free

theories.

Cramér’s Theorem. Suppose that µ1 and µ2 are probability

measures on R, such that

µ1 ∗ µ2 = N(ξ, σ2),

for some ξ in R and σ2 in ]0,∞[. Then µ1 and µ2 themselves have

to be Gaussian.

Theorem [Bercovici-Voiculescu]. There exist non semi-circular

distributions µ1 and µ2 on R, such that

µ1 � µ2 =
1

2π

√
4− t2 · 1[−2,2](t) dt.
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Theorem [Barndorff-Nielsen+T]. The Percovici-Pata bijec-

tion is a homeomorphism w.r.t. weak convergence, i.e. for measures

µ, µ1, µ2, µ3, . . . in ID(∗), we have

µn
w→ µ ⇐⇒ Λ(µn)

w→ Λ(µ).

Idea of proof. Suppose µn (respectively µ) has generating triplet

(an, ρn, ηn) (respectively (a, ρ, η)). Then Λ(µn) (respectively Λ(µ))

has free generating triplet (an, ρn, ηn) (respectively (a, ρ, η)). As-

sume, for simplicity, that ρn and ρ have no atoms at −1 or 1, and

consider the finite measures:

σn(dt) = anδ0(dt) +
1

1 + t2
ρn(dt), (n ∈ N)

σ(dt) = aδ0(dt) +
1

1 + t2
ρ(dt).

Now

µn
w→ µ

Gnedenko⇐⇒ ηn → η and σn
w→ σ ⇐⇒ Λ(µn)

w→ Λ(µ).
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Lévy Processes in Free Probability.

Definition. A free Lévy process (in law) affiliated with (A, τ )

is a family (Zt)t≥0 of selfadjoint operators affiliated with A, which

satisfies the following conditions:

(i) whenever n ∈ N and 0 ≤ t0 < t1 < · · · < tn, the increments

Zt0, Zt1 − Zt0, Zt2 − Zt1, . . . , Ztn − Ztn−1,

are freely independent selfadjoint operators affiliated with A.

(ii) Z0 = 0.

(iii) for any s, t in [0,∞[, L{Zs+t − Zs} does not depend on s.

(iv) for any s in [0,∞[, L{Zs+t − Zs}
w→ δ0, as t→ 0.

Remark. If (Zt) is a free Lévy process, then, as in the classical

case, L{Zt} ∈ ID(�) for all t.
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Proposition. Let (Xt) be a classical Lévy process (in law) de-

fined on some probability space (Ω,F, P ). Then there exists a free

Lévy process (in law) (Zt) affiliated with some (A, τ ), such that

Λ(L{Xt}) = L{Zt}, (t ≥ 0).

The proof relies on the properties of Λ, as well as on an existence

result for processes with freely independent increments, which has

been noted by Biane and Voiculescu.

Example. The free Brownian motion is the free Lévy pro-

cess (Wt)t≥0, which corresponds to the classical Brownian motion

(Bt)t≥0 via the correspondence described in the proposition above.

In particular

L{Wt} =
1

2πt

√
4t− s2 · 1[−

√
4t,
√

4t](s) ds, (t ≥ 0).
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Free Stochastic Integration.

Theorem. Let (Zt) be a free Lévy process in law affiliated with

(A, τ ), let 0 ≤ A < B and let f : [A,B] → R be a continuous

function. Form Riemann sums:

Tn =

n∑
j=1

f (t#n,j)(Ztn,j − Ztn,j−1),

where A = tn,0 < tn,1 < tn,2 < · · · < tn,n = B, t#n,j ∈ [tn,j−1, tn,j]

and limn→∞max(tn,j − tn,j−1) = 0.

Then there exists a selfadjoint operator T affiliated with A, such

that Tn → T in probability, i.e. L{Tn − T}
w→ δ0, as n→∞.

T does not depend on the choice of subdivisions, and we put∫ B

A

f (t) dZt = T.
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Theorem. Let x be a selfadjoint operator affiliated with A. Then

L{x} is �-selfdecomposable if and only if there exists a free Lévy

process (in law) (Zt) (affiliated with some (Ã, τ̃ )), such that

x
d
=

∫ ∞
0

e−t dZt.
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The Lévy-Itô decomposition.

Theorem (Lévy-Itô). Let (Xt) be a classical Lévy process and

let ρ be the Lévy measure for L{X1}. Assume, for simplicity, that∫ 1

−1 |t| ρ(dt) <∞.
Then (Xt) has a representation in the form:

Xt
as
= at + bBt +

∫
]0,t]×R

x N(ds, dx), (∗)

where

• a ∈ R, b ≥ 0 and (Bt) is a Brownian motion.

• N is a Poisson random measure on ]0,∞[×R with intensity

measure Leb⊗ ρ.

• the processes appearing in the right hand side of (∗) are inde-

pendent.

Definition. Let (Θ,E, ν) be a σ-finite measure space. A Poisson

random measure on Θ with intensity measure ν is a family {N(E) |
E ∈ E} of random variables (defined on some (Ω,F, P )) with the

following properties:

(i) for all E in E, L{N(E)} = Poiss(ν(E)),

(ii) E1, . . . , Er disjoint sets from E =⇒ N(E1), . . . , N(Er) are

independent,

(iii) for all ω in Ω, N(·, ω) is a measure E.
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Theorem [Barndorff-Nielsen+T]. Let (Zt) be a free Lévy-

process on a Hilbert space H and let ρ be the free Lévy measure

for L{Z1}. Assume, for simplicity, that
∫ 1

−1 |t| ρ(dt) <∞.
Then (Zt) has a representation in the form:

Zt
d
= at + bWt +

∫
]0,t]×R

x M(ds, dx), (∗∗)

where

• a ∈ R, b ≥ 0 and (Wt) is a free Brownian motion.

• M is a free Poisson random measure on ]0,∞[×R with inten-

sity measure Leb⊗ ρ.

• the processes appearing in the right hand side of (∗∗) are freely

independent.

Definition. Let (Θ,E, ν) be a σ-finite measure space, and put

Ef = {E ∈ E | ν(E) <∞}.

A free Poisson random measure on Θ with intensity measure ν is a

family {M(E) | E ∈ Ef} of selfadjoint operators (on some Hilbert

space H) with the following properties:

(i) for all E in Ef , L{M(E)} = FreePoiss(ν(E)),

(ii) E1, . . . , Er disjoint sets from Ef =⇒M(E1), . . . ,M(Er) are

freely independent,

(iii) E1, . . . , Er disjoint sets from Ef =⇒ M(E1 ∪ · · · ∪ Er) =

M(E1) + · · · + M(Er).
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Random matrices and free probability.

Definition. Let (Ω,F, P ) be a probability space. By SGRM(n, σ2)

we denote the set of random n× n matrices X = (xij)1≤i,j≤n, de-

fined on (Ω,F, P ), which satisfies the following conditions:

• ∀i ≥ j : xij = xji.

• the random variables xij, 1 ≤ i ≤ j ≤ n, are independent.

• ∀i < j : Re(xij), Im(xij) ∼ i.i.d. N(0, 1
2σ

2).

• ∀i : xii ∼ N(0, σ2).

Theorem [Wigner]. For each n in N, let Xn be a random

matrix in SGRM(n, 1
n). Then for any p in N,

lim
n→∞

E ◦ trn
[
Xp
n

]
=

1

2π

∫ 2

−2

tp
√

4− t2 dt.

Theorem [Voiculescu]. For each n ∈ N, let X
(n)
1 , . . . , X

(n)
r be

independent random matrices from the class SGRM(n, 1
n), and let

(x1, . . . , xr) be a semi-circular system in a C∗-probability space

(A, τ ).

Then for any polynomial p in r non-commuting variables, we have

lim
n→∞

E ◦ trn
[
p
(
X

(n)
1 , . . . , X(n)

r

)]
= τ
[
p(x1, . . . , xr)

]
.
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Theorem [T]. For each n in N, let X
(n)
1 , . . . , X

(n)
r be indepen-

dent random matrices in SGRM(n, 1
n), and let {x1, . . . , xr} be a

semi-circular system in some C∗-probability space (A, τ ). Then

for any polynomial p in C〈Z1, . . . , Zr〉, we have

E ◦ trn
[
p(X

(n)
1 , . . . , X(n)

r )
]

= τ
[
p(x1, . . . , xr)

]
+ O(1/n2),

as n→∞.

Corollary [Hiai-Petz,T]. For each n in N, let X
(n)
1 , . . . , X

(n)
r

be independent random matrices in SGRM(n, 1
n), and let {x1, . . . , xr}

be a semi-circular system in some C∗-probability space (A, τ ).

Then for any polynomial p in C〈Z1, . . . , Zr〉, we have

trn
[
p(X

(n)
1 , . . . , X(n)

r )
] a.s.−→ τ

[
p(x1, . . . , xr)

]
,

as n→∞.

Remark. For r = 1, this was proved by L. Arnold in 1967.

Theorem A [Haagerup+T] For each n inN, letX
(n)
1 , . . . , X

(n)
r

be independent random matrices from the class SGRM(n, 1
n), and

let (x1, . . . , xr) be a semi-circular system in a C∗-probability space

(A, τ ) with a faithful state τ .

Then there is a P -null-set N ⊆ Ω such that for all ω ∈ Ω\N and

all polynomials p in r non-commuting variables, we have

lim
n→∞

∥∥p(X(n)
1 (ω), . . . , X(n)

r (ω)
)∥∥ = ‖p(x1, . . . , xr)‖.
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Corollary. For any r in {2, 3, 4, . . . }, Ext(C∗red(Fr)) is not a

group.

The Ext semi-group. Let A be a separable, unital C∗-algebra

and consider the Hilbert space `2(N). Consider, further, the Calkin

algebra:

C(H) = B(H)/K(H).

Then

Ext(A) =
{
∗ -monomorphisms π : A→ C(H)

}/
∼

where

π1 ∼ π2 ⇐⇒ ∃u ∈ U(B(H)) ∀a ∈ A : π1(a) = ρ(u)π2(a)ρ(u)∗.

Ext(A) has a natural semi-group structure:

π1 ⊕ π2(a) =

(
π1(a) 0

0 π2(a)

)
∈ C(H)⊕ C(H) ↪→ C(H ⊕H) ' C(H).
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Proof of lim inf
n→∞

∥∥p(X(n)
1 , . . . , X(n)

r

)∥∥ ≥ ‖p(x1, . . . , xr)‖.

Let p be a polynomial in C〈X1, . . . , Xr〉, and put q = p∗p. Then

for almost all ω and all k in N, we have by the strong version of

Voiculescu’s random matrix model

lim inf
n→∞

∥∥p(X(n)
1 (ω), . . . , X(n)

r (ω)
)∥∥

≥ lim inf
n→∞

∥∥p(X(n)
1 (ω), . . . , X(n)

r (ω)
)∥∥

2k

= lim inf
n→∞

(
trn
[
q
(
X

(n)
1 (ω), . . . , X(n)

r (ω)
)k])1/2k

= τ [q(x1, . . . , xr)
k]1/2k

=
∥∥p(x1, . . . , xr)‖2k.

Then use that

lim
k→∞

∥∥p(x1, . . . , xr)
∥∥
k

= ‖p(x1, . . . , xr)‖.

Finally consider all polynomials inC〈X1, . . . , Xr〉 with coefficients

in Q + iQ.
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Proof of lim sup
n→∞

∥∥p(X(n)
1 , . . . , X(n)

r

)∥∥ ≤ ‖p(x1, . . . , xr)‖.

Theorem B (Linearization Trick). Let A and B be unital

C∗-algebras, and let x1, . . . , xr and y1, . . . , yr be selfadjoint oper-

ators in A and B, respectively. Then the following two conditions

are equivalent:

(a) ∀m ∈ N ∀a0, a1, . . . , ar ∈Mm(C)sa :

sp
(
a0 ⊗ 111A +

∑r
i=1 ai ⊗ xi

)
⊇ sp

(
a0 ⊗ 111B +

∑r
i=1 ai ⊗ yi

)
,

(b) ∀p ∈ C〈X1, . . . , Xr〉 :
∥∥p(x1, . . . , xr)

∥∥ ≥ ∥∥p(y1, . . . , yr)
∥∥.

Theorem C (Approximate version). Let x1, . . . , xr be self-

adjoint operators in a C∗-algebra A, and let, for each n in N,

Z
(n)
1 , Z

(n)
2 , . . . , Z

(n)
r be matrices in Mn(C)sa, such that

sup
n∈N

∥∥Z(n)
i

∥∥ <∞, (i = 1, . . . , r).

Assume further that

∀m ∈ N ∀a0, a1, . . . , ar ∈Mm(C) ∀ε > 0 :

sp
(
a0 ⊗ 111n +

r∑
i=1

ai ⊗ Z(n)
i

)
⊆ sp

(
a0 ⊗ 111A +

r∑
i=1

ai ⊗ xi
)

+ ]− ε, ε[

for all n sufficiently large.

We then have

∀p ∈ C〈X1, . . . , Xr〉 : lim sup
n→∞

∥∥p(Z
(n)
1 , . . . , Z(n)

r )
∥∥ ≤ ∥∥p(x1, . . . , xr)

∥∥.
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Theorem D. For each n ∈ N, let X
(n)
1 , . . . , X

(n)
r be independent

random matrices from the class SGRM(n, 1
n), and let (x1, . . . , xr)

be a semi-circular system in a C∗-probability space (A, τ ) with

a faithful state τ . Let, further, m ∈ N and a0, a1, . . . , ar be

arbitrary matrices from Mm(C)sa.

Then there exists a P -null-set N ⊆ Ω, such that for all ω in Ω\N ,

we have

sup
n∈N

∥∥X(n)
i (ω)

∥∥ <∞, (i = 1, . . . , r).

and, for any ε > 0,

sp
(
a0 ⊗ 111n +

r∑
i=1

ai ⊗X(n)
i (ω)

)
⊆ sp

(
a0 ⊗ 111A +

r∑
i=1

ai ⊗ xi
)

+ ]− ε, ε[,

for all n sufficiently large.
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Key-Estimates. For each n ∈ N, let X
(n)
1 , . . . , X

(n)
r be in-

dependent random matrices from the class SGRM(n, 1
n), and let

(x1, . . . , xr) be a semi-circular system in a C∗-probability space

(A, τ ) with a faithful state τ . Let, further,m ∈ N and a0, a1, . . . , ar
be arbitrary matrices from Mm(C)sa. Then define

Sn = a0 ⊗ 111n +

r∑
i=1

ai ⊗X(n)
i ∈Mmn(C)sa, (n ∈ N),

and

s = a0 ⊗ 111A +

r∑
i=1

ai ⊗ xi ∈Mn(A).

Then for any function ϕ in C∞c (R), we have

(i) E
{

(trn ⊗ trm)[ϕ(Sn)]
}

= trm ⊗ τ [ϕ(s)] + O(n−2).

(ii) V
{

(trn⊗trm)[ϕ(Sn)]
}
≤ π2

8n2

∥∥∑r
i=1 a

2
i

∥∥2
E

{
(trn⊗trm)[ϕ′(Sn)2]

}
.
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Lemma [Gaussian Poincaré Inequality]. Let N be a pos-

itive integer, let σ be a positive number and equip RN with the

probability measure

µ = N(0, σ2)⊗N(0, σ2)⊗ · · · ⊗N(0, σ2) (N terms).

Let, further, f : RN → C be a C1-function, such that

Eµ{|f 2|} <∞.

Then

Vµ{f} := Eµ
{
|f − Eµ{f}|2

}
≤ σ2

Eµ

{
‖grad(f )‖2

}
.
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