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Basic objects in Operator Algebras.

e Let H be a complex Hilbert space. By B(H), we denote the
vector space of all continuous linear mappings T': H — H.
Recall that B(H) is an algebra, when it is equipped with the
multiplication given by composition of mappings: ab = a o b.

e A unital C*-algebra is a subalgebra of B(JH), which contains
the unit 1 of B(H), and which is closed w.r.t. the adjoint
operation 1" +— T™:

(T m) =(&T),  (§neXH),

and w.r.t. the operator norm:
7] = sup{[|IT€|| | € € I, ]} < 1}

e A von Neumann algebra is a unital C*-algebra which is, in
addition, closed in the weak operator topology, i.e. the weak
topology on B(H) induced by the linear funtionals:

T'=(T&mn), (T eBH) §nel)



e A stateon a unital C*-algebra A is a linear functional ¢: A —
C, which is positive (i.e. ¢(a*a) > 0 for any a in A) and
satisfied that ¢(1) = 1.

e A state ¢ on a unital C*-algebra A is faithful, if ¢p(a*a) > 0
for any non-zero operator a in A.

e A state ¢ on a von Neumann algebra A is normal, it |4, 1s
continuous w.r.t. the weak operator topology.

e A state 7 on a unital C*-algebra A is a trace, if it satisfies
that

7(ab) = 7(ba), (a,b e A).



Non-commutative probability spaces.

Definition. A C*-probability space is a pair (A, ¢), where A is
a unital C*-algebra and ¢ is a state on A.

Definition. A W*-probability space is a pair (A, 7), where A is
a von Neumann algebra and 7 is a faithful normal state on A.

Random variables. If (A, ¢) is a C*-probability space, we
shall consider all operators in A as ‘non-commutative random
variables”. For a in A, we think of ¢(a) as the expectation of
a w.rt. ¢.



Spectral theory.

Spectrum. Let a be an operator in a unital C*-algebra A. Then
the spectrum sp(a) of a is the set

sp(a) ={A € C | a— Al is not invertible}.

Since a is a bounded operator, sp(a) is a compact subset of A.

Spectral mapping. If a is a selfadjoint operator in a unital C*-
algebra A, then sp(a) is a compact subset of R. For any polynomial
p in C[X], we let p(a) € A have the obvious meaning. Then the

mapping
p— pla): CIX] — A,
has a unique extension to a mapping
Cp: f = fla): Clspla)) — A

This mapping satisfies the properties:

for any functions f, g in C(sp(a)) and any complex number z.

If A is a von Neumann algebra, ®, can be extended to the class of
all bounded Borel functions f: R — R.



Distributions of non-commutative random variables.

Classical Probability. Consider a probability space (2, F, P)
and random variables X: (2,F) — (R, B). Any such random

variable X gives rize to a probability measure py on (R, B) via:
ux(B) = P(X € B)= P(X "'(B)),  (Be®)

We call px the distribution of X and denote it also by L{X}.
This distribution satisfies, moreover, that

[ s®nxtan =B,
for any bounded Borel funtion f: R — R.
Non-commutative Probability. Let (A, ¢) be a C*-probability

space, and let a be a selfadjoint operator in a A (i.e. a* = a). Then
there exists a unique probability measure u, on (R, B), such that

téﬂﬂM@ﬂ=Mﬂ@% (f € Clsp(a))).

We call p, the distribution of a w.r.t. ¢, and denote it also by
L{a}. We always have that supp(u,) C sp(a), so, in particular,
e 18 compactly supported.



Classical Independence. Two random variables X and Y on
(€2, F, P) are independent if and only if

E{[f(X) —E{f(X)} - [9(Y) —E{g(YV)}]} =0
for any bounded Borel functions f,g: R — R.

Free Independence. Let a1, as, ... ,a, be operators in a C*-
algebra A, and let ¢: A — C be a state. Then aq,ao,... ,a, are
freely independent w.r.t. ¢ if

¢{[p1(ai1) - ¢(p1(ai1))} T [pk‘(aik) - ¢(pk(azk))}} = 0,

for all £ in N, all polynomials py, ... ,pr in C[X] and all indices
i1,19, ... 0, in {1,2,... 7}, such that

1 F 12,90 F 13y .o th—1 F Uk

Remark. If aq, ... ,a, are freely independent operators in a C*-
probability space (A, ¢), then all mixed moments:

gb(ailaiz...aip), (p c N, 11,19, . .. ,ip € {1,2, ,T})

are uniquely determined by the marginal distributions

L{a\}, ..., L{a,}.



Example. [Non-trivial classical random variables can-
not be freely independent]

Let X and Y be random variables on (€2, F, P) with moments of
all orders (so that the definition of X being free from Y makes
sensell). If X and Y are freely independent w.r.t. £, then one of
them has to be a constant (almost surely). Indeed, assume that X
and Y are free and put my = E(X) and my = E(Y). Then by
free independence we have:

0= E{(X — mX)(Y — my)(X — mX)(Y — my)}
=E{(X —mx)*(Y —my)*}
= B{(X — mx) }E{(Y —my)"},
where the last equality is another consequence of the free indepen-
dence. Hence, either X or Y has to be a constant (almost surely).



The Central Limit Theorem.

Theorem [Cassical CLT]. Let X1, X5, X3, ..., be a sequence
of i.i.d. (classical) random variables defined on the same probability
space (€, F, P), and such that E{X?} < oo. Put £ = E{X;} and
0? = V{X;}, and consider the normalized random variables:

Then

SngN(O,l), as n — 0.

Theorem [Voiculescu]. Let (a;)jen be a family of freely in-
dependent random variables in a C*-probability space (A, ¢), and
such that

(a) ¢(a;) =0, for all j in N.

(b) supjey ]¢(a§)| < oo, for all kin {2,3,...}.
() limy oo ¢ >0 G(aF) = 1.

Consider the normalized sums:

1
Sp=—=(a1 + -+ ay), (n € N).

Vn
Then the sequence s,, converges, in moments, towards the semi-

circle law %\/4 — 12 199 (t)dt, ie.

1 2
lim ¢(s*) = §/2t’f\/4 —t2dt, (k€N).

n—oo



Definition. Let (A, ¢) be a C*-probability space. A free semi-
circular system in (A, ¢) is a family {x1, xs, ... , 2, } of selfadjoint
operators in (A, ¢) satisfying that

® r1,...,x, are freely independent.

o Foreach i in {1,2,... 7}, L{z;} = 5=v4 — 2+ 1|_o(t) dt.
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Free group factors.

Let G be a discrete group and consider the Hilbert space

(G) = {(yg)geG | yy € C, deG lyyl? < OO}

For each g in G, let L,: (*(G) — ¢*(G) be the linear operator in
B((*(@)), given by:

Lo((yn)nec) = (Yy-11)gec-
Then L, is a unitary in B(¢*(@)), and we put

o L(G) =W"({Ly | g € G}) C B(*(G)).
o CralG) = C"({Ly | g € G}) € B(EA(G)).
The von Neumann algebra £(G) is called the group von Neumann

algebra associated to G. The C*-algebra C7 (G) is called the
reduced C*-algebra associated to G.

Definition. A group G is called an i.c.c. group, if, for any h in
G\ {1g}, the conjugacy class {ghg™! | g € G} is infinite.

Theorem [Murray-von Neumann]. If G is an i.c.c. group,
then L(G) is a factor, i.e.

{a € L(G) | Vb e L(G): ab=ba} = Cl.

Furthermore, £L(G) is infinite-dimensional and has a faithful nor-

mal trace 7. Altogether, L(G) is a von Neumann factor of type
I1;.
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Question I. Suppose G and H are two i.c.c. groups. Does the
following implication hold:

G ot H = L(G) 2 L(H)?

Answer: No: If G isi.c.c. and amenable then L(G) is isomorphic
to the hyperfinite II;-factor. Two non-isomorphic, amenable, i.c.c.
groups are:

a b

G =5, and H:{<Ol

)‘a€Q+,b€Q}.

Question II. For each n in N, let IF,, denote the free group on
n generators. If n,m € N, n # m, then IF,, £ F,,. But is it true
that

L(F,) ~ L(F,,)?

Theorem [Voiculescu]. Let n be a positive integer. Then the
[1;-factor L(IF,,) is generated, as a von Neumann algebra, by a
semi-circular system

{5171,582, ce ,xn} g Q(Fn)

Theorem [Voiculescu, Dykema, Radulescu]. One of the
following two extremes hold:

(i) For any n,m in N, L(FF,,) ~ L(IF,,).
(ii) For any distinct n, m in N, L(TF,,) 2 L(F,,).
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Creation Operators on full Fock space.

Let H be a (complex) Hilbert space with orthonormal basis (e;);er,
and consider the full Fock space

T(H) =Coa PH"
neN

Then with
E:{6¢1®"'®€Z’n ‘ n e N, i,... ,inél},
the set {2} U E forms an orthonormal basis for T(H).

For h in H the left creation operator ¢(h): T(H) — T(H) is
given by:
((h)2 = h,
((hhi® - Q@h,=h®@h & - hy, (hi,... ,hy, € H).
It is routine to verify that
((h)*Q =0,
hyhi)ho ® -+ @ hy,, ifn>2
(Y Iy @ @ by = 4 P2 @ @ R,
(h, h1)<, if n=1.

Theorem [Voiculescu]. Let (¢;);c; be an orthonormal basis for
H, and for each 7 in I put:

s(e;) = L(e;) + Lle;)".

Then the operators s(e;), i € I, are freely independent, and for
each 7 in I,

1
L{s(e)} = 3=V/4 =+ 1y (t) .
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Classical and free convolution.

Let w1 and po be probability measures on R.

Classical convolution. Consider independent (classical) ran-
dom variables X7 and Xs, such that L{X 1} = p1 and L{X,} =
to. Then

p1 o po = L{X7 + Xo}

Free (additive) convolution. Consider freely independent
selfadjoint operators a; and ag, such that L{a,} = py and L{as} =
to. Then

w1 B s = L{a1 + CLQ}.
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Unbounded distributions/operators.

Assume that (A, 7) is a W*-probability space, such that A is acting
on the Hilbert space H. If a is a (possibly unbounded) selfadjoint
operator in H, then a is affiliated with A, if f(a) € A for any
bounded Borel function f: R — R.

Facts:

e If a is a selfadjoint operator affiliated with A, there exists, as

in the bounded case, a unique probability measure L{a} on
R, such that

/R F(t) L{a}(dt) = 7(f(a)), (f € By(R)).

We refer to L{a} as the (spectral) distribution of a.

e Ifay,as, ..., a, are selfadjoint operators affiliated with (A, 7),
we say that aq,as,... ,a, are freely independent, if, for any

fi,for o fr € By(R), filar), falas),. .., fr(a,) are freely

independent.

e Any two probability measures pq and ps on R can be real-
ized as the distributions of two freely independent selfadjoint
operators a; and a9 affiliated with some W *-probability space

(A, 7).

e If a1 and ay are freely independent selfadjoint operators af-
filiated with A, then L{a; + a2} is uniquely determined by
L{a,} and L{as}.
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Cumulant transforms.

Classical cumulant transform: For a probability measure u
on R, we define the (classical) cumulant transform C, by

Cy(u) = log/ " p(ds), (u €R).
R
The key property of the cumulant transform is that
Clpp(u) = Cpy(u) + Cy(u), (u€R),

for any probability measures p1, po on R.

Free cumulant transform: For a probability measure p on R,
the Cauchy transform G,: C™ — C~ is defined by:

Gule) = [ = wld), (zeC),

1
=&
right inverse, F)~ ! defined on a region of the form:

It turns out that the mapping F), : : Ct — C* always has a
Cn, M) ={x+iy € C" |2 +y* > M?, |z| < ny}
where n and M are positive numbers.

The free cumulant transform €, is defined by

C.l2)=2F'(1) - 1= 2G N (2) = 1= 2R,(2),

BNz
for z in the region {x —iy € C™ | 2 +y* < M2, |z| < ny}.
The key property of the free cumulant transform is that

Crumua(2) = Cpuy(2) + €y(2),

for any probability measures 1, po on R.
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Definition. A probability measure p on R is H-infinitely divisible
if, for any n in N, there exists a probability measure p,, on R, such
that

po= g By BBy,
nt‘e?ms

We denote by ID(H) the class of all E-infinitely divisible proba-

bility measures on R.

Similarly, JD(x) denotes the class of all classically infinitely divis-
ible probability measures on R.
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The Bercovici-Pata bijection.

Theorem. [Lévy-Khintchine] Let 1 be a probability measure
on R with cumulant function C),. Then p is *-infinitely divisible,
if and only it C), has the Lévy-Khintchine representation:

Cy(u) = inu — Lau’ +/ (" — 1 —iutl_yy(t)) p(dt), (u€R),
R

where n € R, a > 0 and p is a Lévy measure on R, i.e.,

p({0}) =0 and /Rmin{l,xQ}p(dx) < 0.

The triplet (a, p,n) is uniquely determined, and it is called the
generating triplet for p.

Theorem [Bercovici & Voiculescu]. Let v be a probability
measure on R with free cumulant transform €,. Then v is H-
infinitely divisible if and only if there exist a non-negative number
a, a real number n and a Lévy measure p, such that

Cu(z) = nz+az2+/R(

In that case, the triplet (a, p,n) is uniquely determined and is

1 _ 12 1- tZl[—m]@)) p(dt), (ze€C).

called the free generating triplet for v.

Definition. The Bercovici-Pata bijection A: ID(x) — ID(H)
is defined as follows: For a measure p in ID(x) with generating
triplet (a, p,n), A(p) is the measure in ID(H) with free generating

triplet (a, p,n).
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Theorem [Barndorff-Nielsen+T]. For any probability mea-
sure p in ID(x), we have

Canli€) = [ CulCoreda, (¢ <0)

Proof. Recall that for any z in C with Rez < 1 we have

1 xO
= / e tdx
1 — 2 0

implying that for ¢ real with ¢ <0

1
1 —iCt

— 1 =ity q(t) = / (eiCm — 1 —iCtal;_qy(t)) e "da.
0

Now, let p from ID(x) be given and let (a, p,n) be the generating
triplet for p. Then for ¢ in | — 0o, 0 we have

Ca (i€)
= —al*+1in +/R (1 —11Ct —1- iCﬂ[—l,l}(t)> p(dt)

= —al® +in¢ + / /OO (eicm — 1 —iCtal;_1 (1)) e " dz p(dt)
R Jo
— a4+ / T / (0 — 1~ iCtaly_yy(8) pldt) da
0 R
_ Oo—a; _l 2.2 | - iCte 1 1 dt) ) d
/0 ¢ ( 2a§ T +177C:U+/R(e iCteli_qq)(t)) p( t)) T,

_ / o0y (Ca) da,
0

where we have used the formula: n! = fooo z"e " dx, (n € N).
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Notation. Let u be a probability measure on R and let X be a
random variable such that L{X} = p. Then for any real constant
c we put Doy = L{cX}.

Theorem [Barndorff-Nielsen+T]. The Bercovici-Pata bijec-
tion A has the following algebraic properties:

(1) If gy, o € ID(x), then A(ug * o) = A(pr) B A(us).
(ii) If € ID(x) and ¢ € R, then A(D.pu) = DA(p).
(iii) For any ¢ in R, A(d.) = 9.

Proof of (ii): For ¢ < 0 we have

Ca(po(iC) = /RCDCM(CSC)G_x dx = /ROM(CQCU)G_x dx
= Cigu(icQ) = Cp,a(iC).

The result then follows from uniqueness of analytic continuation.
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Examples.

(1) Let p be the standard Gaussian distribution, i.e.

1
p(dz) = — exp(—32?) dz.

V21

Then A(pu) is the semi-circle distribution, i.e.,

1
A(p)(dx) = . 4 — % 19 9(x)da.

7

(2) Let p be the Poisson distribution with parameter A > 0, i.e.

p({n}) =

nl’

n

(n S N())

Then A(pu) is the free Poisson distribution, i.e.

A(p)(dz)
B (1= X)do+ =/ (z —a)(b—z) L y(z)dz, f0< AL,
%\/(x —a)(b—x) - 1, y(x)dz, if A > 1,

where a = (1 — vV A)? and b= (1 + V)%
(3) Let pu be the Cauchy distribution, i.e.

p(dr) = m dx.

Then A(p) = p.
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Classes of probability measures on R.

In classical probability theory we have the following hierarchy:
G(x) C 8(x) C L(x) CID(x) C P

where

e P is the class of all probability measures on R.

e JD(x) is the class of infinitely divisible probability measures
on R, i.e.

p€ID(x) <= Vn €N 3u, €P:p= iy * fi - * [y

7

n terms

e [(x) is the class of selfdecomposable probability measures on
R, ie.

pe L) < Veel0,1] Ju. € P: u= Dy * pu,
where D.pu(B) = u(c ' B) for any Borel set B in R.

e S(x) is the class of stable probability measures on R, i.e.

pe S(x) <= {Y(u) | ¥: R — R, increasing affine transformation}
is stable w.r.t. *.

e G(x) is the class of Gaussian (or normal) distributions on R.
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Corresponding classes in free probability.

e JD(H) is the class of H-infinitely divisible probability measures
on R, i.e.
pelDH) <= VneNIu, €eP:rp=p, Bp,B---Bp,.

VO
n terms

e L(H) is the class of H-selfdecomposable probability measures
on R, ie.

pe L) < Veel0,1] Ju. € P: p=D.pu B p,
where D u(B) = u(c ' B) for any Borel set B in R.

e S(H) is the class of H-stable probability measures on R, i.e.

p e S(B) < {v(n) | ¥: R — R, increasing affine transformation }
is stable w.r.t. H.

e G(H) is the class of semi-circle distributions on R.

Question: Do we have the same hierarchy in free probability:

G(H) c §(H) c L(H) c ID(H)?
Remarks.

e It is well-known that G(H) C S(H).

e Using (for example) the free cumulant transform, it is not hard

to show that S(H) C L(H).
e It is well-known that 8(H) C ID(H) [Bercovici & Voiculescul.
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Proof of: L(H) C ID(H).

Theorem. [Bercovici & Pata] For each n in N, let p1 5, fion, - - -, fhnn
be probability measures on R, and put:

Hn = Hn1 & o2 H---H M-
Assume that

Ve>0: lim max pu;,(R\[—€¢€) =0. (%)

n—oo j=1,2,....,n

Then, if 1, — 1 as n — oo, for some probability measure g, this
measure 4 has to be H-infinitely divisible.

Now, if u € L(H), we have for any ¢ in [0, 1],

po= Dep B i
= De(Dep 8 pe) B pa
= DapH Doy B e

= Dcnlu HE' Dcn—lluc EH Dcn_2/JLC HE' s Bﬂ DC/J'C EH M-

Now choose ¢ = ¢,, so that the family

{DCnILL7 Dcn_l/J'C) Dcn—QlLLCa SR Dc,um /J'C}

satisfies condition () above.
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Theorem. [Bercovici & Pata| The Bercovici-Pata bijection
preserves stability, i.e. A(8(x)) = S(H).

Proposition [Barndorff-Nielsen+T]. The Bercovici-Pata bi-
jection A preserves selfdecomposability, i.e. A(L(x)) = L(H).

Proof. Suppose p € L(x) and ¢ € ]0,1[. Then g = D.u * pe,
where, by necessity, p. € JD(x) too (classical result). Hence, by
the algebraic proporties of A,

A(:u) - A(Dc,u * ,uc) — DCA(:U“) H A(:LLC)
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A significant difference between the classical and free
theories.

Cramér’s Theorem. Suppose that pq and po are probability
measures on R, such that

1 x o = N(fa 02)7

for some £ in R and o2 in ]0, co[. Then gy and po themselves have
to be Gaussian.

Theorem [Bercovici-Voiculescu]. There exist non semi-circular
distributions p; and po on R, such that

1
p B po = 5 Vi4— t2 - 119 9)(¢) dt.
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Theorem [Barndorff-Nielsen+T]. The Percovici-Pata bijec-
tion is a homeomorphism w.r.t. weak convergence, i.e. for measures
Loy o1y 02, 43y - - n j@(*)) we have

pn = p = Ap) = Ap).

Idea of proof. Suppose p, (respectively p) has generating triplet
(@py P, M) (respectively (a, p,m)). Then A(u,) (respectively A(u))
has free generating triplet (ay, pn, n,) (respectively (a, p,n)). As-
sume, for simplicity, that p,, and p have no atoms at —1 or 1, and
consider the finite measures:

1
ouldl) = audoldt) + Tp(dt), (nEN)

O'(dt) = a50(dt) +

P4

Now

A\ Gnedenko

ty — o E="1n, = nand o, — 0 <= Au,) — Au).
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Lévy Processes in Free Probability.

Definition. A free Lévy process (in law) affiliated with (A, 7)
is a family (Z;)s>o of selfadjoint operators affiliated with A, which
satisfies the following conditions:

(i) whenever n € Nand 0 <ty < t; < --- < t,, the increments

Ly Lty — Zyys Lty — L)y« s Lty — Ly,
are freely independent selfadjoint operators affiliated with A.

(ii) Zy = 0.

(iii) for any s,t in [0, 00|, L{Zs;+ — Zs} does not depend on s.

(iv) for any s in [0, 00, L{Zs.s — Zs} — &, as t — 0.

Remark. If (Z;) is a free Lévy process, then, as in the classical

case, L{Z;} € ID(B) for all ¢.
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Proposition. Let (X;) be a classical Lévy process (in law) de-
fined on some probability space (2, F, P). Then there exists a free
Lévy process (in law) (Z;) affiliated with some (A, 7), such that

ML{X:}) = L{Z}, (L =0).

The proof relies on the properties of A, as well as on an existence
result for processes with freely independent increments, which has
been noted by Biane and Voiculescu.

Example. The free Brownian motion is the free Lévy pro-
cess (W3)i>g, which corresponds to the classical Brownian motion
(B¢)i>0 via the correspondence described in the proposition above.
In particular

1
L{W;} = ot 4 — s> 1 g g (s) ds, (t >0).
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Free Stochastic Integration.

Theorem. Let (Z;) be a free Lévy process in law affiliated with
(A,7),let 0 < A < B and let f: [A, Bl — R be a continuous
function. Form Riemann sums:

1, = Z f(t#,sztn,j - Ztn,j—l)’
j=1

where A = t,0 <ty <lpo < -+ <typ=B t7 €[tn1,tn]]

N
and lim,,_,o max(t, ; — t,j—1) = 0.

Then there exists a selfadjoint operator T affiliated with A, such
that T}, — T in probability, i.e. L{T,, — T} — &, as n — oo.

T does not depend on the choice of subdivisions, and we put

/AB F(0)dZ =T,
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Theorem. Let x be a selfadjoint operator affiliated with A. Then
L{xz} is H-selfdecomposable if and only if there exists a free Lévy
process (in law) (Z;) (affiliated with some (A, 7)), such that

xi/ e tdZ,.
0
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The Lévy-Itd decomposition.

Theorem (Lévy-Itd). Let (X;) be a classical Lévy process and

let p be the Lévy measure for L{X;}. Assume, for simplicity, that
1

21t pldt) < oo

Then (X}) has a representation in the form:

X, Zat+bB; + / r N(ds,dz), ()
10,t] xR

where

e a € R b>0and (By) is a Brownian motion.

e NV is a Poisson random measure on |0, co| xR with intensity
measure Leb ® p.

e the processes appearing in the right hand side of () are inde-
pendent.

Definition. Let (O, €, v) be a o-finite measure space. A Poisson
random measure on © with intensity measure v is a family { N(E) |

E € &} of random variables (defined on some (€2, F, P)) with the
following properties:
(i) for all £ in & L{N(FE)} = Poiss(v(F)),

(ii) E, ..., E, disjoint sets from € = N(Ey),...,N(FE,) are
independent,

(iii) for all w in ©, N(-,w) is a measure €.
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Theorem [Barndorff-Nielsen+T]. Let (Z;) be a free Lévy-
process on a Hilbert space H and let p be the free Lévy measure
for L{Z}. Assume, for simplicity, that f_ll t] p(dt) < oo.

Then (Z;) has a representation in the form:

Z, < at + bW, —i—/ x M(ds,dz), €
10,t] xR

where

e a € R, b>0and (W) is a free Brownian motion.

e ) is a free Poisson random measure on |0, oo[xR with inten-
sity measure Leb ® p.

e the processes appearing in the right hand side of (%) are freely

independent.

Definition. Let (O, €, v) be a o-finite measure space, and put
Sf:{EES‘V(E)<OO}.

A free Poisson random measure on © with intensity measure v is a
family {M(E) | E € €} of selfadjoint operators (on some Hilbert
space H) with the following properties:

(i) for all Ein &, L{M(E)} = FreePoiss(v(FE)),

(ii) £, ..., E, disjoint sets from &y = M (E}),... , M(E,) are
freely independent,

(iii) By, ..., B, disjoint sets from &y = M(E, U --- U E,) =
M(E) + -+ M(E,).
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Random matrices and free probability.

Definition. Let (€2, F, P) be a probability space. By SGRM(n, o?)
we denote the set of random n x n matrices X = (2;;)1<i j<n, de-
fined on (2, &, P), which satisfies the following conditions:

oVi>j:w=Tj.

e the random variables z;;, 1 <1 < j < n, are independent.
o Vi < j: Re(w;;), Im(z;;) ~ i.id. N(0,10?).

o Vi: x;; ~ N(0,0?).

Theorem [Wigner]|. For each n in N, let X,, be a random
matrix in SGRM(n, %) Then for any p in N,

2
lim E o tr, [ X?] = i/ t'\/4 — 2 dt.

n—00 o _9

Theorem [Voiculescu]. For each n € N, let X 1(n) L X be

9

independent random matrices from the class SGRM(n, <), and let
(21, ...,x,) be a semi-circular system in a C*-probability space

(A, 7).

Then for any polynomial p in r non-commuting variables, we have

lim E o tr, [p(Xl(n), L ,X(”))] = T[p(xl, . ,xr)].

r
n—oo
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Theorem [T]. For each n in N, let X l(n), o ,X;n) be indepen-
dent random matrices in SGRM(n, 1), and let {z1,... ,z,} be a
semi-circular system in some C*-probability space (A, 7). Then
for any polynomial p in C(Zy, ... , Z,), we have

E o tr, [p(X{n), . ,X("))] — T[p(il?l, . ,xrﬂ +O0(1/n?),

r

as 1 — OQ.

Corollary [Hiai-Petz,T]. For each n in N, let Xl(”), xm
be independent random matrices in SGRM(n, %), and let {x1,... ,z,}
be a semi-circular system in some C*-probability space (A, 7).
Then for any polynomial p in C{Z1, ... , Z,.), we have

tr, [p(Xl(n), . ,X(”))} BN T[p(xl, L ,:UT)],

r

as n — Q.
Remark. For r = 1, this was proved by L. Arnold in 1967.

Theorem A [Haagerup-+T] For each nin N, let X l(n), N e
be independent random matrices from the class SGRM(n, +), and

n
let (x1,...,x,) be asemi-circular system in a C*-probability space
(A, ) with a faithful state 7.

Then there is a P-null-set N C 2 such that for all w € Q\ NV and
all polynomials p in r non-commuting variables, we have

lim |[p(X" (@), ..., XD (@) || = lp(z1,. .., 2.

n—oo
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Corollary. For any r in {2,3,4,...}, Ext(C!,(F,)) is not a
group.

The Ext semi-group. Let A be a separable, unital C*-algebra
and consider the Hilbert space £2(N). Consider, further, the Calkin
algebra;

C(F) = B(H)/K(H).
Then
Ext(A) = { * -monomorphisms 7: A — €(H)}/ ~
where
T~ = Jue UB(H)) Ya € A: mi(a) = plu)ms(a)p(u)”.

Ext(A) has a natural semi-group structure:

T ® mola) = (méa) m(()a)) € C(H) @ C(FH) — C(F & F) ~ C(J().
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Proof of liminf Hp(Xl(n), . ,Xﬁ”)) | > llp(z1, ... 2]

n—oo

Let p be a polynomial in C(Xj, ..., X,), and put ¢ = p*p. Then
for almost all w and all k£ in N, we have by the strong version of
Voiculescu’s random matrix model

lim inf [|p(X{" (),..., X (w))]

n—oo

> liminf [|p(X}" (), ..., X[ (@),

r

= lim inf (trn [q(Xl(") (W), ... ,Xﬁ”)(w))k])l/%
= 7[q(zq, ... ,a:r)k]l/%
— Hp(ajla <o 7337“)”2]6-
Then use that
fim [|p(zr, .20, = Ip(es .2

k—00

Finally consider all polynomials in C(X7y, ... , X,) with coefficients
in Q +1Q.
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Proof of lim sup Hp(Xl(n), . ,Xﬁm) | < llp(z, ...,z

Theorem B (Linearization Trick). Let A and B be unital
C*-algebras, and let x1,... ,z, and vy, ... ,y, be selfadjoint oper-
ators in A and B, respectively. Then the following two conditions
are equivalent:

(a) Ym € N Vag,a1,...,a, € Mp(C)g,:
splag@1a+> i1, ®@x;) Dsplag®@1s+ >0 a; Qy;),

(b) vp S C<X17 7X7">: Hp('xl) 7377“)H > Hp(y17 7y7“)H

Theorem C (Approximate version). Let z1,... ,x, be self-

adjoint operators in a C*-algebra A, and let, for each n in N,
Zlm), ZQ(n), ..., Z™ be matrices in M,,(C)a, such that

sup HZI-(R)H <oo, (i=1,...,7).
neN

Assume further that
Vm € N Vag, ay,...,a, € M,,(C) Ve > 0:

sp(a0®1n+2ai®zi(”>) g3p<a0®lﬂ+2ai®xi) +] —e,e[
=1

1= =1

for all n sufficiently large.

We then have
Vp e C(Xy,...,X,): limsup Hp(Zl(n), . ,Zﬁ”))H < Hp(azl, L 7337°)H'
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Theorem D. For cach n € N, let X 1("), ... X" be independent
random matrices from the class SGRM(n, +), and let (z1, ..., z,)
be a semi-circular system in a C*-probability space (A, 7) with
a faithful state 7. Let, further, m € N and ag,aq,...,a, be

arbitrary matrices from M, (C)s,.

Then there exists a P-null-set N C €2, such that for all w in Q\ N,
we have

sup HXZ.(n)(w)H <oo, (i=1,...,7).
neN

and, for any € > 0,

Sp(ao ®1, + Zai ® Xi(n)W)) C SP<CL0 ® 14+ Zai ® %) +]—¢€€,

=1 1=1

for all n sufficiently large.

39



Key-Estimates. For cach n € N, let le), XM be in-
dependent random matrices from the class SGRM(n, %) and let
(x1,...,2,) be a semi-circular system in a C*-probability space
(A, 7) with a faithful state 7. Let, further, m € Nand ag, ay, ... ,a,

be arbitrary matrices from M,,(C)s,. Then define

)

Sp=0a @1+ a;®X" € Mp(Clay  (n€N),
1=1

and

SZCL0®1A+ZCL@'®%’ e M,(A).
i=1

Then for any function ¢ in C>°(R), we have
() E{ (11, © tr,)[0(S)]} = trm © 7[i(5)] + O(n72).

(ii) V{(trn®trm)[9@(5n)]} < %szzl azzHQ]E{(trn@trm)[go’(Sn)Q]}.
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Lemma [Gaussian Poincaré Inequality]. Let N be a pos-
itive integer, let o be a positive number and equip R with the
probability measure

1=N(0,06)®N0,0)®- @ N(0,5%) (N terms).
Let, further, f: RY — C be a C'-function, such that

E.{|f*[} < oo.
Then

V. {f} = ]Eu{‘f - ]E/L{fHQ} < UQ]E/L{HgTad(f)HQ}-
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