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Abstract. For a very simple family of self-similar sets with two pieces we prove,
using a technique of Solomyak, that the intersection of the pieces can be a Cantor
set with any dimension in [0, 0.2] as well as a finite set of any cardinality 2m. The
main point is that the open set condition is fulfilled for all these examples.
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Figure 1. Self-similar sets with Cantor set overlap of dimension
around 0.2 on the left, 0.4 on the right.
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1. Introduction

Hutchinson [9] gave a precise mathematical framework for self-similarity, the prop-
erty which was pointed out by Mandelbrot as the essence of fractals. He defined a
self-similar set A as the unique compact non-empty solution of an equation

A = f1(A) ∪ ... ∪ fm(A)

where f1, ..., fm are given contracting similarity maps on Rd, that is, |fi(x)−fi(y)| =
ri · |x − y| for some ri < 1. Since A consists of similar copies Ai = fi(A) of itself,
each Ai consists of smaller copies Aij = fi(fj(A)), and so on. For any integer n,
we can consider the set Sn of words i = i1...in from the alphabet S = {1, ..., m}.
Writing fi = fi1 · · · fin and Ai = fi(A), we have A =

⋃{Ai | i ∈ Sn} . When n tends
to infinity, this induces a continuous map π : S∞ → A from the set S∞ of sequences
s = s1s2s3... onto the self-similar set, the so-called address map. π is defined by

π(s1s2s3...) = lim
n→∞

fs1fs2 ...fsn(x0) (1)

where the choice of x0 ∈ Rd does not matter. See [9, 7, 6] for details.
The geometric structure of A is determined by the overlaps of the Ai. If the

contraction factors ri of the fi are sufficiently small, the pieces Ai are disjoint, π is a
homeomorphism and A a Cantor set. This case is not interesting from a topological
viewpoint. For sufficiently large ri, however, π identifies many addresses, and the
overlaps Ai ∪ Aj become so big that smaller pieces Ai cannot be recognized. The
equation remains formally true, but self-similarity is not realized geometrically.

The proper condition to control overlaps is the open set condition (OSC) which
was introduced by Moran in 1946 and studied by Hutchinson. Several equivalent
formulations of OSC are known [3, 11, 4]. However, it is difficult to verify whether
a given set f1, ..., fm of similarity maps fulfils OSC or not.

Actually, all examples of self-similar sets with OSC were constructed with rather
special methods which either prescribe an open set (e.g. a triangle for the Sierpinski
gasket and the von Koch curve) or solve equations for the mappings which in the
complex plane results in mappings fk(z) = λkz+vi where the λk and vk are algebraic
integers [1, 10]. It seems that it was not known whether there are uncountably many
essentially different examples with OSC.

The purpose of the present paper is to show that there is a great variety of self-
similar sets with OSC. We shall consider a very simple family of fractals A = A(λ)
in the complex plane with two pieces, given by mappings

f0(z) = λz , f1(z) = λz + 1 (2)

where λ is a complex number with r = |λ| < 1. This family was studied by several
authors [6, 12, 13]. We shall only consider λ near to 0.37 + 0.52 i. Let the overlap
set be A0 ∩ A1 = D = D(λ). Solomyak proved the following theorem.

Theorem 1. ([13], Theorem 2.4) There are uncountably many λ for which the
overlap set D(λ) is a singleton. The two addresses of this point are different for
different λ.
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Together with the statement in [5] that connected self-similar sets in the plane
with finite overlap sets fulfil OSC, this provides uncountably many different examples
with OSC. In the present note we use Solomyak’s technique to give examples with
various other overlap sets. Figure 1 shows the type of fractals we shall deal with.

Theorem 2. For every m ∈ N there are uncountably many λ for which OSC holds
and the overlap set D(λ) consists of 2m points. The addresses of these points are
different for different λ.

Theorem 3. For every β ∈ [0, 0.2] there are uncountably many λ for which OSC
holds and the overlap set D(λ) is a Cantor set of Hausdorff dimension β. The
addresses of the points of D(λ) are different for different λ.

2. The structure of overlap

We use the symbol set S = {0, 1} for our mappings (2) and we now start addresses
s with s0 since this simplifies the address map (1) with x0 = 0:

π(s) = π(s0s1s2...) =
∞∑

k=0

skλ
k (3)

It is easy to check that π is one-to-one if A0 ∩ A1 = ∅, and A is connected if
D(λ) = A0 ∩ A1 6= ∅ [8, 6]. To represent the overlap set, take two sequences
s = 0s1s2... and t = 1t1t2... with π(s) = π(t). This means

π(t)− π(s) = 1 +
∞∑

k=1

(tk − sk)λ
k = 0 (4)

Note that tk − sk ∈ {−1, 0, 1}. Moreover, for any uk ∈ {−1, 0, 1} there are tk, sk ∈
{0, 1} with uk = tk − sk. Thus

Remark 1. D(λ) 6= ∅ if and only if λ is a root of a power series with coefficients
-1,0,1.

When λ is such a root, we can transform the power series into the form

f(λ) = 1 +
∞∑

k=1

ukλ
k , uk ∈ {−1, 0, 1} (5)

and then choose tk and sk. If uk = 1 then tk = 1, sk = 0. If uk = −1 then tk =
0, sk = 1. However, if uk = 0 then we have two choices: tk = sk = 0 or tk = sk = 1.

Notation. We write u = 1u1u2... where ukj
= 0 for j = 1, 2, ... In other words,

u = 1w10w20w30... where the wj ∈ {−1, 1}∗ are words made from -1 and +1 (wj

can be empty), and zeros appear at places k1, k2, ...

If 0 appears at m different places k1, ..., km then we can choose 0 or 1 for each skj

independently, and we get 2m possible pairs of addresses s, t with π(s) = π(t).

Remark 2. Suppose that λ is the root of exactly one power series of the form (5)
with uk ∈ {−1, 0, 1}. Then D(λ) is a singleton if no coefficient is 0, and D(λ) has
2m points if just m of the coefficients uk are zero. If uk = 0 for infinitely many
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k = k1, k2, ... and |kn+1 − kn| > 2 for all sufficiently large n, then D(λ) is a Cantor
set.

Proof. It remains to verify the last statement. For each wj in u there is a word
w̃j ∈ {0, 1}∗ which contains the corresponding part of addresses s associated with
u, that is, w̃ji = 1 if wji = −1 and w̃ji = 0 for wji = 1. Thus

D = D(λ) = {π(s) | s = 0w̃1v1w̃2v2w̃3v3... with vj ∈ {0, 1}.} (6)

indicates a binary Cantor structure: D = D0w̃10 ∪ D0w̃11, and D0w̃10 = D0w̃10w̃20 ∪
D0w̃10w̃21 etc., similar as for the whole set A. Since (1) holds for π(s), each piece Dw̃

is a subset of Aw̃.
Is D really a Cantor set? For λ = i/

√
2 the set A is a rectangle and D an

interval. Thus we have to show that the two subpieces of each piece of D are
disjoint. Assume that on the n-th level of D there is some x ∈ Dw̃0∩Dw̃1. Here w̃ =
0w̃1v1w̃2v2...w̃n has length kn. Now x has two addresses s = w̃1w̃n+1vn+1w̃n+2vn+2...
and s′ = w̃0w̃n+1v

′
n+1w̃n+2v

′
n+2... so that

0 = π(s)− π(s′) = λkn +
∞∑

m=n+1

(vm − v′m)λkm = λkn

(
1 +

∞∑
m=n+1

(vm − v′m)λkm−kn

)

Since the coefficients uk of the power series (5) for λ are unique, this implies that
uk 6= 0 is only possible for k = km−kn,m = n+1, n+2, ... Thus by our assumption
the non-zero elements in u have distance > 2 for sufficiently large k. Thus there are
lots of neighboring zeros which contradicts the same assumption and completes the
proof. ¤

We think the assumption on distance > 2 was not necessary but we wanted to
keep the proof short. — In the following we estimate the Hausdorff dimension of
the Cantor set D in terms of density of the sequence kn.

Notation. Let Hα denote the α-dimensional Hausdorff measure [7], let a = |A|
be the diameter of A, and r = |λ| the contraction factor of our mappings f0, f1.

Remark 3. If rknγ ≤ c·2−n for a constant c and infinitely many n then Hγ(D) < ∞.

Proof. Take n which fulfils the inequality, and consider the 2n initial words s′

of length kn of sequences s which correspond to u. Then D is covered by the 2n

sets As′ which all have diameter rkna. The sum for this covering in the definition of
Hγ(D) is

2n · (rkna)γ ≤ 2n · c · 2−naγ ≤ caγ .

If this holds for arbitrary large n then Hγ(D) ≤ caγ. ¤

Remark 4. Assume that OSC holds for the set A generated by f0, f1, and that the
zeros in u have bounded gaps: kn+1 − kn < K for all n. If rknα ≥ c · 2−n for a
constant c and all n ≥ n∗ then Hα(D) > 0.
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Proof. Let µ denote the binary construction measure on D, considered as measure
on R2. That is, µ(D) = 1 and µ(Dw) = 2−n for each of the 2n pieces Dw of D which
are obtained on the level n of the construction, which corresponds to ukn .

OSC for A implies that there is a constant L such that each set B of diameter
b = |B| hits at most L incomparable pieces Aw of diameter ≥ b · rK [11, 4]. (Instead
of rK we can have any constant, and incomparable means we do not allow words
w, w′ where w′ is an initial subword of w.) For rkn < b < rkn−1 with n ≥ n∗ this
implies

µ(B) ≤ 2−n · card {Aw |Aw ∩B 6= ∅, |w| = kn} ≤ L2−n ≤ L

c
rknα ≤ L

c
|B|α

Now take a covering D ⊆ ⋃
Bi where the diameter of each Bi is smaller than rkn∗ .

Then ∑
|Bi|α ≥ c

L

∑
µ(Bi) ≥ c

L
.

This implies Hα(D) ≥ c
L
. ¤

3. The main lemma

The parameters λ in our theorems will be defined as roots of power series (5) with
special coefficient vectors u = u0u1... The assignment u 7→ λ has a certain continuity
property:

Remark 5. Let f be a power series of the form (5), λ0 a root of f and G0 a simply
connected neighborhood of λ0. There is a k such that every power series g of the
form (5) with coefficients v0v1v2... such that vj = uj for j ≤ k has a root in G0.

Proof with Rouché’s theorem: If f, h are analytic functions on the closure of
a simply connected domain G, and for all points z of the boundary ∂G we have
f(z) 6= 0 and |h(z)| < |f(z)|, then f and f +h have the same number of zeros in G.
Since the zeros of f are discrete, we can find a ball G ⊆ G0 around λ0 such that
f(z) 6= 0 on G \ {λ0}. Let the minimum of |f(z)| on the boundary ∂G be ε, the
radius of the ball δ and η = |λ0|+ δ. Choose k so that ηk(1− η)−1 < ε, let h = g− f
and apply Rouché’s theorem. In G every g has exactly one root. ¤

Now we approach the parameters λ which will fulfil our theorems. The set

Λ = {λ ∈ C | 0.63 < |λ| < 0.64 and 54◦ < arg(λ) < 55◦}
contains λ∗ ≈ 0.3668760 + 0.5202594i which is a zero of the power series f ∗(λ) with

u∗ = u∗0u
∗
1u
∗
2... = +− (+ + +−−−)∞ .

Here we write ′+′ for 1 and ′−′ for−1, and (+++−−−)∞ = +++−−−+++−−−...
Direct calculation shows that λ∗ is a solution of 1− λ + λ2 + 2λ3 = 0, see Example
9.4 in [2]. Solomyak proved Theorem 1 by slightly changing the parameter λ∗.

According to Remark 5, there is a minimal m0 such that every power series (5)
with coefficients starting with +−(+++−−−)m0 has a zero in Λ. Actually m0 is not
very large: Solomyak notes that he can prove m0 ≤ 14, and computer experiments
indicate that m0 = 2 [13]. We define
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B = {g(z) = 1 +
∞∑

j=1

vjz
j | vj = uj for j ≤ 6m0 + 1, and v2v3... is a concatenation

of blocks +++−−−, ++++−−−, +++−−−−, ++++−−−−, +++0−−−}.
For power series f, g of the form (5), the term Rg−f will denote a normalized

difference: if g(z)− f(z) = zl
∑∞

j=0 cjz
j with c0 6= 0, l ≥ 1 and cj ∈ {−2,−1, 0, 1, 2},

let

Rg−f (z) =
g(z)− f(z)

zl
=

∞∑
j=0

cjz
j.

The following lemma and its proof refine a technique of Solomyak. See Section 4 in
[13].

Lemma 1. For all power series f 6= g of the form (5) with g ∈ B and all λ ∈ Λ we
have

|Rg−f (λ)| > 10−3.

Proof. With l defined as above, we consider an exhaustive list of possibilities for
the coefficients vl, vl+1, ... of g ∈ B.

(i) [vl, vl+5] = + + + +−− (i′) [vl, vl+5] = −−−−++
(ii) [vl, vl+4] = + + +−− (ii′) [vl, vl+4] = −−−+ +
(iii) [vl, vl+3] = + +−− (iii′) [vl, vl+3] = −−++
(iv) [vl, vl+3] = +−−− (iv′) [vl, vl+3] = −+ ++

(v) [vl, vl+5] = + + +0−−
(vi) [vl, vl+4] = + + 0−−
(vii) [vl, vl+4] = +0−−−
(viii) [vl, vl+5] = 0−−−++

We prove |Rg−f (λ)| > 10−3 by first examining the cases (i)−(iv). Then (i′)−(iv′)
will follow by passing from Rg−f (λ) to −Rg−f (λ), and after that we study the
remaining cases.

Case (i). From the values of vl, ...vl+5, we derive that c0 ∈ {1, 2}, c1, c2, c3 ∈
{0, 1, 2}, and c4, c5 ∈ {0,−1,−2}. We can estimate as follows.





Re(c0λ
−1) ≥ |λ|−1 cos(55◦) > 0.896,

Re(c1), Re(c2λ), Re(c4λ
3), Re(c5λ

4) ≥ 0,
Re(c3λ

2) ≥ 2|λ|2 cos(110◦) > −0.281,

Re(
∑∞

j=6 cjλ
j−1) ≥ −2·|λ|5

1−|λ| > −0.597.

Taking the sum, we get Re
(

Rg−f (λ)

λ

)
> 0.002, and

|Rg−f (f)(λ)| =
∣∣∣∣
Rg−f (λ)

λ

∣∣∣∣ |λ| ≥ Re

(
Rg−f (λ)

λ

)
|λ| > 0.002 · 0.5 = 10−3.

Case (ii). We have c0 ∈ {1, 2}, c1, c2 ∈ {0, 1, 2}, and c3, c4 ∈ {0,−1,−2}. Hence,
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



Re(c0) ≥ 1,
Re(c1λ), Re(c3λ

3), Re(c4λ
4) ≥ 0,

Re(c2λ
2) ≥ 2|λ|2 cos(110◦) > −0.281,

Re(
∑∞

j=5 cjλ
j) ≥ −2·|λ|5

1−|λ| > −0.597.

These inequalities lead to Re(Rg−f (λ)) > 10−3. It follows that |Rg−f (λ)| > 10−3.

Case (iii). We have c0 ∈ {1, 2}, c1 ∈ {0, 1, 2}, c2, c3 ∈ {0,−1,−2}. Thus,





Re(c0) ≥ 1,
Re(c1λ), Re(c2λ

2), Re(c3λ
3) ≥ 0,

Re(
∑∞

j=4 cjλ
j) ≥ −2·|λ|4

1−|λ| > −0.933.

These inequalities also lead to Re(Rg−f (λ)) > 10−3.

Case (iv). We have c0 ∈ {1, 2}, c1, c2, c3 ∈ {0,−1,−2}. Note that in this case,
vl+5 = 1, and hence c5 ∈ {0, 1, 2}. So,





Im(−c0λ
−1) ≥ Im(λ)/|λ|2 > 1.

Im(−c1), Im(−c2λ), Im(−c3λ
2), Im(−c5λ

4) ≥ 0
Im(−c4λ

3) ≥ −2|λ|3 sin(162◦) > −0.163.

Im(
∑∞

j=5−cj+1λ
j) ≥ −2·|λ|5

1−|λ| > −0.6

It follows that Im
(
−Rg−f (λ)

λ

)
> 0.002 and |Rg−f (λ)| ≥ 0.002 · 0.5 as in (i).

Case (v). Note that c3 ∈ {1, 0,−1}. If c3 ∈ {0, 1}, we can use the estimate of (i)
while c3 = −1 leads to case (ii).

Case (vi). We have c2 ∈ {1, 0,−1}. If c2 ∈ {0, 1}, we proceed as in case (ii). Case
c2 = −1 leads to case (iii).

Case (vii). c1 ∈ {0, 1} is treated like (iii), and c1 = −1 like (iv).
Case (viii). c0 = 1 leads to (iv) and c0 = −1 to (i′). ¤

4. Proof of the theorems

Remark 6. If g ∈ B and λ ∈ Λ fulfils g(λ) = 0 then λ is not a root of any other
power series f of the form (5).

Proof. f(λ) = 0 would impliy Rg−f (λ) = 0 which contradicts our lemma. ¤

Proof of Theorem 2. We consider all g ∈ B with exactly m coefficients 0. By
remark 5, to each g we can take a root λ ∈ Λ. From the definition of B it is clear
that there are uncountably many possibilities, and that the addresses of points in
D(λ) will be different for different λ. Remark 2 says that D(λ) has 2m points. OSC
follows from [5] and also from our next remark. ¤

Remark 7. If g ∈ B and λ ∈ Λ is a root of g then A(λ) satisfies the open set
condition.
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Proof. According to [3], OSC holds if and only if the identity map is not an ac-
cumulation point of the neighbor maps f−1

v fw where v = (v1...vm), w = (w1...wm) ∈
{0, 1}m with v1 6= w1 and m ∈ N. In our case, these maps are all translations (cf.
[3], Section 2):

f−1
v fw(z) = z +

m∑
j=1

1

λj
· (wj − vj) = z +

p(λ)

λm

where p(λ) =
∑m−1

j=0 bjλ
j is a polynomial with coefficients bj ∈ {−1, 0, 1}. We need

to show that the translation vectors are bounded away from zero, uniformly in p.
We can assume that b0 = 1. Since the coefficient of g(λ) at either λm or λm+1 is
nonzero, the lemma gives∣∣∣∣

p(λ)

λm

∣∣∣∣ =

∣∣∣∣
g(λ)− p(λ)

λm+1

∣∣∣∣ · |λ| ≥ |Rg−p(λ)| · |λ| > 1

2
· 10−3 . ¤

Proof of Theorem 3. We take the g ∈ B with infinitely many coefficients 0.
For simplicity, we consider only coefficient vectors +−w1w2... where each block wj

is either + + + − −− or + + +0 − − − . By Remark 6, to each g we can take a
root λ ∈ Λ. Then D(λ) is a Cantor set, by Remark 2, and OSC holds by Remark
7. Thus the dimension of A(λ) equals δ = log 2

− log r
≥ log 2

− log 0.63
> 1.5 where r = |λ|. In

other words, r = 2−1/δ.

Let β be given. Remarks 3 and 4 say that dim D(λ) = β if rknβ = 2−knβ/δ is
of the same order as 2−n. This means kn ≈ δ

β
· n and will be realized by choosing

the zero coefficients, i.e. by selecting the wj. Since kn+1− kn ≥ 7, this requires that
β < δ/7. (With modified blocks including + + +0 and − − −0 one can come with
β up to δ/4. By the way, periodic patterns of the kn yield self-similar sets D(λ).)

Since r is part of the construction, however, we must determine r and the kn

recursively. We define a decreasing sequence of closed balls Gl = Bηl
(λl) where

ηl ≤ ηl−1/3 which will imply the existence of the limit λ = lim λl =
⋂

Gl. We start
with λ0 = λ∗ and η0 = 0.03 so that G0 ⊆ Λ since r0 ≈ 0.6366. For ε = 0.02 we have
r0+η0

r0−η0
≤ 0.642ε which implies (r0 + η0)

β(1+ε) ≤ (r0 − η0)
β(1−ε) for any β. Moreover,(

rl+ηl

rl−ηl

)2

< rl−1+ηl−1

rl−1−ηl−1
for l ≥ 1. (Put x = ηl

rl
, y = ηl−1

rl−1
, then x < 1

3
0.64
0.63

y < 0.35y < 0.02

implies (1 + x)2 < 1 + y and (1− x)2 > 1− y.) Thus

(rl + ηl)
β(1+ε/2l) ≤ (rl − ηl)

β(1−ε/2l) for any β and l = 0, 1, 2, ... (7)

We want to show

β − ε/2l−1 ≤ dim A(λl) ≤ β + ε/2l−1 for l = 1, 2..., and dim A(λ) = β. (8)

Each λl will be a root of a power series gl ∈ B with coefficient vector vl of the
form +− w1w2... We shall construct an increasing sequence m0 < m1 < m2... such
that the first ml blocks wj are the same for all vk with k ≥ l. The number m0

corresponding to v0 = +− (+ + +−−−)∞ was defined in Section 3, and we have
w1 = ... = wm0 = + + +−−− .
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Let us define v1. We take + + +0 − −− = wm0+1 = wm0+2 = ... and note the
positions k1, k2 of the zeros until for some n = n0, the inequality

(r0 − η0)
knβ(1−ε) ≥ 2−n (9)

is fulfilled for the first time. Here is the point where we use β ≤ 0.2 : For large n
we have kn < 7.1n , and 0.63(0.2·7.1) > 1

2
. All kn for n > n0 are then chosen as large

as possible so that (9) remains true. From this maximality and (7) it follows that

(r0 + η0)
knβ(1+ε) ≤ c2−n with c = 0.646β ≥ (r0 − η0)

7β(1−ε).

This way we obtain the sequence v1, and its power series g1 ∈ B with root λ1 ∈ G0

such that (8) holds for l = 1, by Remarks 3 and 4.

Now we specify our choice of G1 = Bη1(λ1). Besides η1 ≤ η0/3 and G1 ⊂ G0 we
require that the power series g1 associated with v1 has no other zero in the closure
of G1. Next, m1 is chosen so that each power series g ∈ B which coincides with
v1 = +− w1w2... in the blocks w1, ..., wm1 must have exactly one zero in G1. Those
blocks are kept for all vk, k ≥ 1.

The kn which are beyond wm1 are now redefined for v2. If necessary, we first take
blocks + + +0−−− until for some n = n1, the inequality (r1 − η1)

knβ(1−ε/2) ≥ 2−n

is fulfilled for the first time. All kn for n > n1 are then chosen as large as possible
so that the inequality remains true. With (7) we have (r1 + η1)

knβ(1+ε/2) ≤ c2−n for
n > n1, and we obtain v2, g2 ∈ B and λ2 ∈ G1 such that (8) holds for l = 2.

Induction gives vl, λl, nl for l ≥ 1. The sequence v = limvl corresponds to λ =
lim λl. For the kn in v holds

(rl − ηl)
knβ(1−ε/2l) ≥ 2−n and (rl + ηl)

knβ(1+ε/2l) ≤ c2−n for nl ≤ n < nl+1 .

Since λ ∈ Gl, the factor r = |λ| lies between rl − ηl and rl + ηl, the min and max of
|z| in Gl, for all l. Thus

rknβ(1−ε/2l) ≥ 2−n and rknβ(1+ε/2l) ≤ c2−n for all n ≥ nl.

By Remarks 3 and 4, β(1 − ε/2l) ≤ dim A(λ) ≤ β(1 + ε/2l). This holds for all l,
thus dim A(λ) = β.

In v there are infinitely many pairs of different blocks wj, wj+1. Exchanging those
two blocks for any set of the pairs gives a new sequence v′ but does not change the
dimension since every kn changes by at most ±7. So there are uncountably many
ways to obtain dimension β. ¤
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