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Multiresolutionmethodsprovide a meansfor representingdataat
multiple levelsof detail. They aretypically basedon a hierarchical
dataorganizationschemeandupdaterules neededfor datavalue
computation.We usea dataorganizationthat is basedon whatwe
call n

�

2 subdivision. Themainadvantageof n
�

2 subdivision, com-
paredto quadtree(n � 2) or octree(n � 3) organizations,is thatthe
numberof verticesis only doubledin eachsubdivision stepinstead
of multiplied by a factorof four or eight, respectively. To update
datavalueswe usen-variateB-splinewavelets,which yield better
approximationsfor eachlevel of detail.Wedevelopalifting scheme
for n � 2 andn � 3 basedon the n

�

2-subdivision scheme.We ob-
tain narrow masksthat provide a basisfor out-of-coretechniques
aswell asview-dependentvisualizationandadaptive, localizedre-
�nement.
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Multiresolutionschemesareusedin computergraphicsmainly for
editingandrenderingcurvesandsurfacesatmultiple levelsof reso-
lution. While mostexistingschemescould,in principle,begeneral-
izedfor higher-dimensionaldata,only a few have beenextendedto
data(or functions)de�ned over three-or even higher-dimensional
domains. The combinedsubdivision-wavelet schemewe are de-
scribing in this paperis driven by the needto representtrivariate
data(or functions)at multiple resolutionlevels for scienti�c visu-
alization.

Representingvolumedatahierarchicallyis importantin thecon-
text of “volumemodeling”andvisualizingvolumedata,e.g.,scalar
or vector �elds de�ned over volumetricdomains. Visualizingin-
herentlytrivariatephenomenaoftenrequiresoneto applyrendering
operationsto volumetricdata- examplesbeingvolumeslicing via
a cuttingplane,isosurfaceextractionthroughmarching-cubes-like
algorithms,andraycasting.Themultiresolutionapproximationap-
proachwe describein this paperprovidesanelegantmeansof hi-
erarchicallyorganizingvolumedata,andwe canusethe resulting
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hierarchyto apply to its variouslevels volume datavisualization
methods.

Wecombine n
�

2 subdivisionwith n-variateB-splinewaveletsfor
n-dimensionalmultiresolutiondatarepresentation.Multiresolution
schemeshavebeenstudiedextensively over thepastdecade.A sur-
vey of themainmultiresolutionapproaches,consideringalsotopo-
logical constraints,is givenby Kobbelt in [11]. Theseapproaches
can, for example,be usedfor a multiresolutionrepresentationof
isosurfaces. However, when considering(bio-)medical imaging
data,for instance,we mustbeableto switchquickly betweeniso-
surfacescorrespondingto different isovalues,andwhenconsider-
ing, for example,numericallysimulatedtime-dependenthydrody-
namicsdata,we even have to dealwith isosurfaceschangingover
time. It is undesirableto storeevery singleisosurfacefor all pos-
sibly important isovaluesat different resolutionsand load them
duringvisualization. Instead,we devise a multiresolutionvolume
datarepresentation.We �rst develop a bivariateB-splinewavelet
schemefor

�

2 subdivision andthengeneralizeit to a trivariateB-
splinewavelet schemefor 3

�

2 subdivision. We have appliedour
techniquesto bivariateaswell asvolumetricdata.

For large-scalemultiresolutionrepresentation,one shoulduse
regular ratherthan irregular datastructures,sincegrid connectiv-
ity is implicit anddataaccesssimplefor regulardata.To overcome
regulardatastructures'disadvantageof coarsegranularity, wehave
developedthe n

�

2-subdivisionschemewediscussin Section3. Ev-
ery n

�

2-subdivisionsteponly doublesthenumberof vertices,which
is a factorof n

�

2 in eachof then dimensions.

Whenusingawaveletscheme,thedatavalueata vertex p is up-
datedwhenchangingthe level of detail, andthusthe valuevaries
with varying level of detail. On a coarselevel, the value repre-
sentsthe valueat p itself aswell asan averagevalueof a certain
region aroundp. This approachleadsto better approximations
on coarserlevels. Waveletsbasedon the n

�

2-subdivision scheme
unfortunatelyhave the disadvantageof creatingover- andunder-
shoots.For example,for isosurfaceextraction(n � 3) this charac-
teristiccancausecreationof isosurfaces(or isosurfacecomponents)
that vanishwhen increasingthe resolution. Therefore,we usen-
variateB-spline waveletsand adjust them to the n

�

2-subdivision
scheme.

B-splinewaveletshave thepropertythat they do not only in�u-
encethe neighborsof a vertex p. Thus, when using out-of-core
techniquesto operateon or visualizelarge-scaledata,a lot of data
mustbe loadedfrom externalmemorywith low I/O-performance.
Furthermore,the adaptivity for view-dependentre�nement tech-
niquesis restricted.Lifting schemeswith narrow �lters canbeused
to overcomethis problem. We review and generalizethe lifting
schemefrom [3] in Section4. In Sections5 and7, we develop a
similar lifting schemefor the n

�

2-subdivision schemefor n � 2 and
n � 3. We provide resultsin Sections6 and8.
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Multiresolution volume representationis based on a three-
dimensionalhierarchicaldataorganizationof irregular or regular
type. Irregulardatastructures,see[4, 8, 7], usenon-uniformre�ne-
mentsteps,which makesthemhighly adaptive. On theotherhand,
grid information must be storedand data accessis not straight-
forward. Especiallyfor large-scaledata, additionalmemory re-
quirementsandmemoryorganizationneedsarea majordisadvan-
tageof irregularstructures.

Concerningregular dataorganizations,octrees,see[14, 18, 22,
25, 32]; andsometimestetrahedralgrids areused,see[18]. For
regular structuresgrid connectivity is implicit and data is easily
andquickly accessed.However, the re�nementstepshave to con-
form to thetopologicalconstraints,which makesregularstructures
less adaptive. To overcomethis disadvantage,we use the 3

�

2-
subdivision scheme,a regular dataorganizationsupporting�ner
granularity. While, for example,anoctreere�nementstepdoubles
the numberof verticesin every dimension,which leadsto a fac-
tor of eight,a 3

�

2-subdivisionsteponly doublestheoverall number
of vertices.Therefore, 3

�

2 subdivision will, in general,requireless
verticesthanoctreesto satisfyspeci�edimagequalityerrorbounds.
Since�ner granularityleadsto higheradaptivity this factstill holds
whenusingadaptive re�nementtechniques.

Thesplittingstepof the n
�

2-subdivisionschemegoesbacktoCo-
henandDaubechies[5] for n � 2 andMaubach[16] for arbitrary
n. It canbe describedby usingtriangularaswell asquadrilateral
meshes(n � 2) or their counterpartsfor higherdimensions.In the
following, we will considerthe quadrilateralcaseandits general-
ization.

The re�nementstepof the approachesdescribedin [6, 20, 33]
is a longest-edgebisectionappliedto tetrahedralmeshes.This step
is equivalent to the splitting stepof the 3

�

2-subdivision scheme.
However, theseapproachesdo not representa full subdivision
scheme,sincetheaveragingstepis missing. Thus,theseschemes
are restrictedto structured-rectilineargrids, whereeight cuboids
sharea commonvertex, andthe cuboidshave the samesize. The
3

�

2-subdivision schemealsoappliesto structured-curvilineargrids,
wherehexahedraof arbitraryshape(but with linearedges)areused
insteadof cuboids. The schemecould even handleextraordinary
vertices.

Recently, VelhoandZorin [30] introduced
�

2-subdivision sur-
faces(n � 2) by addingan averagingstep. They showed that the
producedsurfacesareC4-continuousat regularandC1-continuous
at extraordinaryvertices.(For anintroductionto subdivision meth-
ods,we referto [31].)

Themainadvantageof waveletschemesis thefactthatthey pro-
vide a meansto generatebestapproximationsin a multiresolution
hierarchy. Stollnitz et al. [26] describedhow to generatewavelets
for subdivision schemes.However, n

�

2-subdivision waveletscan
leadto over- andundershoots,seeFigure7(b),whichareespecially
disturbingwhenextractingisosurfacesfrom differentlevels of ap-
proximation. They caneven causetopologicalchangesof isosur-
faceswhenchangingthelevel of resolution.Therefore,wehavede-
cidedto generateB-splinewaveletsfor the n

�

2-subdivisionscheme,
which areknown to producegoodapproximations.(For an intro-
ductionto B-splinetechniques,we referto [23].)

The computationof wavelet coef�cients at a certainvertex for
waveletswith good approximationquality like B-spline wavelets
is not limited to usingonly adjacentvertices. Localization,how-
ever, is strongly desirablewhen we want to apply the wavelet
schemeto adaptivere�nementandtoout-of-corevisualizationtech-
niques.Lifting schemesasintroducedbySweldens[27] decompose
waveletcomputationsinto severalsteps,but they assertnarrow �l-
ters, seeFigure6. Bertramet al. [2, 3] de�ned a lifting scheme
for one-and two-dimensionalB-splinewaveletsusinga quadtree

organizationof thevertices.
Waveletsfor generaldilationmatricesgobackto Riemenschnei-

derandShen[24] who useda box-splineapproach.Kova�cević and
Vetterli [13] and,morerecently, Uytterhoeven [29] andKova�cević
andSweldens[12] developedlifting schemesthatcanbeappliedto
n

�

2-subdivision datastructures.Uytterhoeven [29] only addressed
thetwo-dimensionalcase.In [12], the�lters thatproducegoodap-
proximationsarenotnarrow enoughfor ourpurposes.Ontheother
hand,the updaterule for the narrow �lters in [12] is the identity,
whichdoesnotsupportthecreationof goodapproximations.

Another main differencebetweenour approachand the non-
separable�lters usedin [29] and[12] is theupdaterule. For exam-
ple, we updatetheverticesin a 3

�

2-subdivision schemeby apply-
ing �rst the three-,thenthe two-, and�nally the one-dimensional
updaterules. This approachautomaticallyincludesthe boundary
cases,which arenot suf�ciently addressedin [29] and[12]. More-
over, thegeneralizationto arbitrarydimensionn is straight-forward.
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We �rst describethe casen � 2. For a
�

2-subdivision stepof a
quadrilateralQ, wecomputeits centroidc, andconnectc to all four
verticesof Q. The “old” edgesof the meshareremoved (except
for the edgesdeterminingthe mesh/domainboundary). Figure 1
illustratesfour

�

2-subdivision steps.

c
Q

Figure1:
�

2 subdivision.

Themaskusedfor thecomputationof thecentroidc is given in
Figure2(a). Figure2(b) shows themaskof theaveragingstepac-
cordingto [30]. A

�

2-subdivisionstepis executedby �rst applying
themaskshown in Figure2(a),which insertsthenew vertices,and
then(after the topologicalmeshmodi�cations) applyingthemask
shown in Figure2(b),which repositionstheold vertices.
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Figure2: Masksof
�

2-subdivision step:(a) insertingcentroid;(b)
repositioningold vertices.

This subdivision schemefor quadrilateralsis analogousto the
�

3-subdivision schemeof Kobbelt [10] for triangles. Therefore,
wecall it

�

2 subdivision.
Wenow generalizethesubdivisionschemeto n

�

2 subdivisionfor
arbitrarydimensionn. The splitting stepis executedby inserting
thecentroidandadjustingvertex connectivity. Theaveragingstep
appliesto everyold vertex v theupdaterule

v � a v ��� 1 � a � w �

wherew is thecentroidof theadjacentnew vertices.
Weareespeciallyinterestedin thecasen � 3. Little researchhas

beendoneto dateconcerningthree-dimensional(volumetric)sub-
division. Oneexampleis thework describedin [15]. Theliterature
currently provides no analysisof averagingstepsfor dimensions



larger thantwo. Thus,at present,we cannotprovide a solutionfor
thechoiceof a usedin theupdaterule. Someinvestigationsabout
applyingtheupdaterule in arbitrarydimensionsweremadeby Pas-
cucciin [19].

When applying the 3
�

2-subdivision schemeto large volumet-
ric data sets, we usually deal with structured-rectilineargrids,
especiallywhen consideringimaging data sets. For structured-
rectilineargrids,theupdateruledoesnotchangethepositionof the
verticesregardlessof thespeci�c a value,but it only affectstheval-
uesat thevertices.In Section6, we show that the

�

2-subdivision
waveletsarenotappropriatefor ourpurposes,andwe replacethem
by B-splinewavelets.Therefore,we do not needto choosea value
for a .

In Figure3, three 3
�

2-subdivision stepsareshown. In eachstep,
thecentroidsof thepolyhedralshapesareinserted,andtheconnec-
tivity is adjusted.Threekindsof polyhedralshapesarise.They are
shown in Figure4.

In the �rst step,eachcuboid (�rst picture of Figure 3 / third
picture of Figure 4) is subdivided by insertingthe cuboid's cen-
troid andconnectingthecentroidto all old vertices(secondpicture
of Figure3). In the secondstep,eachoctahedron(�rst pictureof
Figure4) is subdividedby insertingtheoctahedron's centroidand
connectingthecentroidto all old vertices,while all old edges,ex-
ceptthe(red)edgesinsertedin thelastsubdivisionstep,aredeleted
(third pictureof Figure3). In the third step,eachoctahedronwith
split faces(secondpictureof Figure4) is subdividedby insertingits
centroidandconnectingthecentroidto all old vertices,exceptthe
(red)verticesinsertedin thenext-to-the-lastsubdivisionstep,while
all old edges,excepttheedgesbetweenthe (red)verticesinserted
in thenext-to-the-lastsubdivision stepandthe (green)verticesin-
sertedin thelaststep,aredeleted(fourth pictureof Figure3).

Thethreesubdivision stepscanalsobedescribedin thefollow-
ing way: The�rst stepinsertsthecentroidof thecuboid,thesecond
stepinsertsthecentersof the facesof theoriginal cuboid,andthe
third stepinsertsthemidpointsof theedgesof theoriginal cuboid.
Three 3

�

2-subdivision stepsproducethesameresultasoneoctree
re�nement step. Hence,for multiresolutionpurposes,we obtain
a much �ner granularity through 3

�

2 subdivision. We can thus
approximatemuchmorecloselya requiredlevel of mesh-element
size. Therefore,it is likely thatonemustrendermuchlessdatato
obtaina desiredimage/ visualizationquality.
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In thissection,wereview andde�ne masksfor theone-dimensional
lifting schemeof [2] and generalizethem to the two- and three-
dimensionalcases. In the following sections,we will adjust the
two-dimensionallifting schemeto

�

2 subdivision and the three-
dimensionallifting schemeto 3

�

2 subdivision.
Theone-dimensionalB-splinewaveletlifting schememakesuse

of two operationsthat are de�ned by the following two masks,
calleds-lift andw-lift:

s-lift � a � b� : 	

a b a 


� (1)

w-lift � a � b� : 	

a b a 
�� (2)

Thes-lift maskis appliedto theold vertices(black)andtheir new
neighbors(blue),whereasthew-lift maskis appliedto thenew ver-
tices(blue)andtheir neighbors(black),seeFigure5(a). For a de-
tailedderivationof thelifting schemethatweuseasa basisfor this
paper, aswell asfor its analysis(smoothness,stability, approxima-
tion order, andzeromoments),we referto [1].

Using the s-lift andw-lift masks,a linear B-splinewavelet en-

(a) (b)
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Figure 5: Re�nementstepfor one-, two-, and three-dimensional
meshes.

codingstepis de�ned by sequentiallyexecutingthetwo operations

w-lift � �

1
2 � 1� and

s-lift �

1
4 � 1�

�

A linearB-splinewaveletdecodingstepis de�ned by sequentially
executingthetwo operations

s-lift � �

1
4 � 1� and

w-lift �

1
2 � 1�

�

Figure6 illustratestheone-dimensionallifting scheme.

w-lift

-0.5

wavelet
coeff.

leveln-

encoding

s-lift s-lift

w-lift

-0.250.25

11

1 1

decoding

0.5nlevel leveln

1

Figure6: One-dimensionallinearB-splinewaveletlifting scheme.

When applying two-dimensional B-spline wavelets to a
quadtree-organizedset of vertices,two kinds of new verticesare
obtainedwhen executinga re�nement step,namelythe new ver-
ticesinsertedat themidpointsof old edges(blue)andthenew ver-
tices insertedat the centersof old faces(green),seeFigure5(b).
Therefore,wehavetwo differentmasks.Wederivetheneededtwo-
dimensionalmasksby convolutionof theone-dimensionalmasksin
the two coordinatedirections.The resultsof this convolution step
arethetwo-dimensionalmasks

s-lift � a � b� :

WX

a2 ab a2

ab b2 ab
a2 ab a2

YZ

� (3)

	

a b a 
 and (4)

w-lift � a � b� :

WX

a2 ab a2

ab b2 ab
a2 ab a2

YZ

� (5)

	

a b a 
�� (6)

The one-dimensionalmasksde�ned by (4) and(6) areappliedin
both directions. The masks(3) and(4), aswell asmasks(5) and
(6), areappliedsimultaneously.

When applying three-dimensionalB-spline wavelets to an
octree-organizedsetof vertices,threekindsof new verticesareob-
tainedwhenexecutinga re�nementstep,namelythe new vertices
insertedat the midpointsof old edges(blue), the new verticesin-
sertedat the centersof old faces(green),andthe new verticesin-
sertedatthecentroidsof oldcubes(red),seeFigure5(c). Therefore,
we have threedifferentmasks. For three-dimensionalmasks,we
show thestructureof themaskandseparatelyde�ne thevaluesfor
theblack,blue,green,andredvertices.Wederivetheneededthree-
dimensionalmasksby convolutionof theone-dimensionalmasksin
all threecoordinatedirections.They aregivenby
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Figure3: 3
�

2 subdivision.
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s-lift � a � b� :

b3

ab2

a2b �

a3

(7)

W
X

a2 ab a2

ab b2 ab
a2 ab a2

Y
Z

� (8)

	

a b a 
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w-lift � a � b� :

a3

a2b
ab2

�

b3

(10)

WX

a2 ab a2

ab b2 ab
a2 ab a2

YZ

� (11)

	

a b a 
 � (12)
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Using
�

2 subdivision insteadof aquadtree-basedscheme,weonly
obtainnew verticesat the centersof old faces(green)whenexe-
cutinga subdivision step;at themidpointsof old edges(blue),no
verticesareinserted,seesecondpicturein Figure1 andcompareto
Figure5(b). Thus,no datais availableat thepositionsof theblue
vertices,andwemustadjustthetwo-dimensionalmasks(3) and(5).

For encodingwith linearB-splinewavelets,thew-lift operation
is executed�rst. Sincewe have no valuesat the blue positions
requiredfor mask (5), we linearly interpolatethe valuesat the
black vertices. Linear interpolationis appropriate,sincewe are
usinglinearwavelets.This approachchangesmask(5) to

w-lift encode � a � b� :

W
X

a2
� ab a2

� ab
b2

a2
� ab a2

� ab

Y
Z

� (13)

Next, the s-lift operationis executed. Again, we have entriesat
the blue positionsin mask(3). However, the w-lift operationhas
(theoretically)executedmask(6), andwe assumedthat thevalues

at the blue vertices were linear interpolationsof the values at
the black vertices;therefore,the valuesat the blue verticeshave
vanished.Mask(3) changesto

s-liftencode � a � b� :

WX

a2 a2

b2

a2 a2

YZ

� (14)

For decoding,we �rst execute the s-lift operation. Prior to
executing the s-lift operationof the encoding,the valuesat the
blue verticeshave vanished,but the s-lift operation(theoretically)
executedmask(4). Hence,thevaluesat theblueverticesarenow
given by linear interpolationof the valuesat the greenneighbor
verticesmultiplied by the factor2a of mask(4). We renamethe
factora to a andderive from mask(3) thenew mask

s-liftdecode � a � b� :

W
X

a2
� 2aab a2

� 2aab
b2

a2
� 2aab a2

� 2aab

Y
Z

� (15)

Finally, thew-lift operationis executedagain.Thes-lift decoding
operationhas(theoretically)appliedmask(4). Sincemask(4) ap-
pliedby thes-lift decodingoperationis theinverseof mask(4) ap-
pliedby thes-lift encodingoperation,thevaluesatthebluevertices
arethesameasbeforetheexecutionof thesetwo s-lift operations,
i. e., they vanish. Theseconsiderationsde�ne a new maskderived
from mask(5), givenby

w-lift decode � a � b� :

WX

a2 a2

b2

a2 a2

YZ

� (16)

In thetwo-dimensionalcase,themasksareasnarrow asthey can
be.
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In Figure7, we provide an examplefor
�

2 subdivision andtwo-
dimensionalwavelets. The original surfaceshown in Figure7(a)
resultsfrom samplinga two-dimensionalGaussianfunctionat 642

vertices. The surface is encodedand decodedagain. In Figure
7(b), we show a coarselevel of detailobtainedby

�

2-subdivision
wavelets.In Figure7(c),we show thesamelevel of detailobtained
whencombiningbilinearB-splinewaveletsand

�

2 subdivision in
thewaydescribedin theprevioussection.



(a)

(b)

(c)

Figure7: (a)
�

2-subdivisionsurfaces;(b) encodedanddecodedby
�

2-subdivision wavelets;and(c) bilinearB-splinewavelets.

In Figure 7(b), the over- and undershootscausedby the
�

2-
subdivision waveletscanberecognized.No over- andundershoots
are visible when combining

�

2 subdivision with linear B-spline
wavelets,seeFigure7(c).

We also have developed a lifting schemefor cubic B-spline
wavelets,but themasksarenotasnarrow asin thelinearcase,three
insteadof two lifting stepsarerequired,see[2], and,mostimpor-
tantly, over- andundershootsappearagain. Sincelinear B-spline
wavelets,contraryto cubic ones,have interpolatingscalingfunc-
tions,interpolatingre�nement�lters areguaranteed,see[12], i. e.,
noover- andundershootscanappear.

For progressive visualization,e.g. whengeneratingimagespro-
gressively by loadingdatafrom slow externalmemoryor via In-
ternet,thestorageof valuescanbereorganizedasshown in Figure
8. Progressive visualizationstartsby usingtheblackblock (right),
thenaddingthegreenblock (middle),and,�nally , addingtheblue
block (left).

reorder reorder

progressive
visualization

progressive
visualization

Figure8: Reorderingdatafor progressive visualization.
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In this section,we generalizethe ideasof Section5 to the three-
dimensionalcase.Recallingthestepsof a 3

�

2-subdivision scheme
depictedin Figure3, after theexecutionof thedifferentstepsdif-
ferentkinds of polyhedralshapesarise,seeFigure4. Therefore,
we have to distinguishbetweenthe differentsteps.The following
descriptionstartswith thesituationshown in thesecondpictureof
Figure3 (volumecase), proceedswith the situationshown in the
third picture of Figure 3 (face case), and �nally treatsthe situa-
tion shown in the fourth pictureof Figure3 (edge case), which is
topologicallyequivalentto thesituationshown in the�rst pictureof
Figure3.
The volume case
To performlinearB-splinewaveletencodingin thesituationshown
in thesecondpictureof Figure3,we�rst executeaw-lift operation.
Therefore,we applythreemasksbeingsimilar to masks(10), (11),
and(12),subjectto theconstraintthatnovaluesareavailableat the
blueandgreenvertices.

Regardingthestructuresof masks(10),weassumethatthevalue
atabluevertex is de�nedby linearinterpolationof thevaluesat the
two blackvertices(with which thebluevertex sharesanedge),and
that thevalueat a greenvertex is de�ned by bilinear interpolation
of thevaluesat thefour blackvertices(with which thegreenvertex
sharesa face).Oneobtainsthemask

���

��� ������

���

��� ��� 	


�


���

���


�


���

���

��� �

��� �

w-lift encode � a � b� : a3
�

3
2a2b �

3
4ab2

b3 �

Themasksbeinganalogousto masks(11)and(12)areonly “ap-
plied theoretically.” However, sincethevaluesat thebluevertices
areassumedto belinearinterpolationsof thevaluesattheblackver-
tices,andsincethe valuesat the greenverticesareassumedto be
bilinearinterpolationsof thevaluesat theblackvertices,thevalues
at boththeblueandgreenverticesvanish.Therefore,themaskfor
thenext s-lift operation,which is ananalogueof mask(7), reduces
to themask
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Again,theanalogousversionsof masks(8) and(9) areonly applied
theoretically.

For thedecodingstep,we startwith thes-lift operation,i. e.,we
adjustmask(7). Having (theoretically)appliedmasks(8) and(9)
with vanishingvaluesat the blue andgreenvertices,the valuesat
thegreenverticesarelinear interpolationsof thevaluesat the red
neighborvertices,multiplied by the factor 2a, and the valuesat
theblueverticesarebilinear interpolationsof thevaluesat thered
neighborvertices,multiplied by the factor4a2. By renamingthe
factora to a, we obtainthemask
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Again,theanalogousversionsof masks(8) and(9) areonly applied
theoretically. Sincemasks(8) and(9) of thiss-lift operationarethe
inversemasksof masks(8) and(9) of theencodings-lift operation,



theblueandgreenverticeshave their formervaluesassignedagain,
i. e., thevaluesvanish. Hence,themaskfor the �nal w-lift opera-
tion, which is the maskbeinganalogousto mask(10), reducesto
themask
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In the three-dimensionalcase,the masksareasnarrow asthey
canbe.

The facecase
WhenapplyinglinearB-splinewaveletencodingto thesituationde-
pictedin thethird pictureof Figure3, wehave to makesurethatwe
do not violate theassumptionsmadefor the volumecase.We as-
sumethatthevaluesat thegreenverticesarebilinearinterpolations
of thevaluesat theblackneighborvertices.Thus,whenthevalues
at thegreenverticesareavailable,their valuesshouldbecomputed
only from the valuesat the black vertices. This insight leavesus
with thetwo-dimensionalcase,andwecanapplymasks(13)– (16)
of Section5.
The edgecase
WhenapplyinglinearB-splinewaveletencodingto thesituationil-
lustratedin the fourth pictureof Figure3, we mustnot violate the
assumptionthat thevaluesat theblueverticesarelinear interpola-
tionsof thevaluesat theblackneighborvertices.Whenthevalues
at theblueverticesareavailable,their valuesshouldbe computed
only from the valuesat the black vertices. This insight leavesus
with theone-dimensionalcase,andwecanapplymasks(1) and(2)
of Section4.

It is asigni�cant advantageof ourschemethatthefaceandedge
casescover naturally boundaryfacesand boundaryedgesof the
domain.
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In this section,we comparetheresultsobtainedby applyinga 3
�

2-
subdivision multiresolutionschemewith and without trilinear B-
splinewaveletencoding.Sincewe wantto show how our wavelets
improve imagequality at a low resolution,all examplesare pro-
videdata coarselevel of detail.

Thedatasetusedin Figure9 is a 2563 uniform rectilineargrid,
andat every vertex onescalarvaluebetween0 and255 is given.
The dataset representsa “bonsai treesolid.” It was obtainedby
computertomography. For thevisualizationof thebonsaitree,we
extractedand renderedthe isosurfacecorrespondingto the value
80,which wasgeneratedby themarching-tetrahedraalgorithmde-
scribedin [9]. All thepolyhedralshapesin Figure4 have a unique
subdivision into tetrahedraaccordingto the longest-edgebisection
re�nement. Thus, all visualizationmethodsbasedon tetrahedra,
including the moresophisticatedisosurface-extractionmethodsin
[6, 20], couldbeapplied.

Figure9(a)shows theisosurfaceextractedfrom acoarselevel of
detailof a 3

�

2-subdivisionhierarchywithoutusingwavelets.Figure
9(b) shows the sameisosurfaceextractedfrom the samelevel of
detail, wherea 3

�

2-subdivision hierarchywascombinedwith the
trilinearB-splinewaveletschemedescribedin theprevioussection.
Theresolutionis nothighenoughto representthe�nest details,like
branchesandtwigs, but theaveragingstepsof a waveletencoding
clearlyleadsto betterapproximations.

To quantifytheimprovementin approximationquality, we com-
putedanapproximationerror for eachcoarserlevel of approxima-
tion by comparingit to theoriginal,highestresolutionlevel. Given

theoriginal functionF discretelyby samplevaluesat locationsxi ,
i ��� 1 � nx �

� 1 � ny �

� 1 � nz�

, we usedtheroot-mean-squareerror

�

RMS �

�

1
nxnynz

å
i

	 F � xi � � f � xi �
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�

where f � xi � denotesthe approximatedfunctionvalueobtainedby
trilinear interpolationappliedto a “cell” in thecoarserlevel of res-
olution: If f is de�ned at cornerlocationsyj � � yj � x � yj � y � yj � z � , and
if xi is insidetheinterval � yj � x � yj � e1 � x ��� yj � y � yj � e2 � y ��� yj � z � yj � e3 � z � , the

approximatedfunctionvalue f � xi � resultsfrom trilinear interpola-
tion of theeightcornervaluesf � yj � �

� � �

� f � yj � 1 � .

Table1 lists theroot-mean-squareerrorsof theshown examples
at variouslevelsof resolution.We scaledtheroot-mean-squareer-
ror to the interval � 0 � 1

�

. The “downsamplingratio” is de�ned as
the original numberof verticesdivided by the numberof vertices
at theusedcoarserresolution.For all examplesandall resolutions,
we obtainedsmallerroot-mean-squareerrorswhenusingtrilinear
B-splinewavelets.

Figure10 shows a biomedicalexample.Thedatasetrepresents
a humanbrain. It is given as753slices,andeachslice hasa res-
olution of 1050 � 970points,where24-bit RGB-colorinformation
is stored. The original datasetwaspreprocessedwith a segmen-
tation algorithmdescribedin [28] to eliminatenoise. We applied
thewaveletschemeto eachcolor channelindependentlyand,after
conversion,usedthevalueV of theHSV colormodelfor isosurface
extraction.

Sincethe datawastoo large to be storedin main memory, we
usedout-of-coretechniques.Dueto thenarrow masksof our lifting
scheme,at mostthreesliceswereusedsimultaneously.

For Figure 10, we usedan interactive progressive slicing vi-
sualizationtool, see[21], to generatean arbitrary cutting plane
throughthebraindataset.Figure10(a)shows thesliceat thehigh-
estresolution,Figure10(b) after downsamplingwith 3

�

2 subdivi-
sion(downsamplingratio26), andFigure10(c)afterdownsampling
with 3

�

2 subdivision(downsamplingratio26) andtrilinearB-spline
wavelets.

Comparedto Figure10(b),thecontoursin Figure10(c)aremuch
smoother. Moreover, theslicein Figure10(c)containsinformation
of thefull-resolutionslicesnext to theslicein Figure10(a).Without
averaging,somedetailedinformationmightgetlost.

Figure11showsanisosurfacefor thevalue78extractedfrom the
samedatasetat thelevel of detailwith downsamplingratio29. For
Figure 11(a), we useda 3

�

2-subdivision hierarchywithout using
wavelets,and,for Figure11(b),we combinedthe 3

�

2-subdivision
hierarchywith trilinear B-spline wavelets. Figure 11(b) exhibits
muchmoredetailinformationthanFigure11(a).

In Figure 12, we appliedour techniquesto numericallysimu-
lated hydrodynamicsdata. The dataset is the result of a three-
dimensionalsimulationof the Richtmyer-Meshkov instability and
turbulent mixing in a shocktubeexperiment,see[17]. For each
vertex of a 10243 structured-rectilineargrid (onetime stepconsid-
eredonly), anentropy valuebetween0 and255is stored.The�g-
ureshows the isosurfacecorrespondingto thevalue225extracted
from threedifferent levels of resolutionof onetime step. Again,
we comparedthe resultsof the 3

�

2-subdivision hierarchywithout
(left column)andwith (right column)trilinear B-splinewavelets,
partiallycomputedout-of-core.

Consideringthe exampleshown in Figure 12, when using the
wavelet approachlow-resolutionvisualizationssuf�ce to under-
standwheretheturbulentmixing takesplace.For example,Figure
12(c)showsclearlythebig “bubble”risingin themiddleof thedata
set.Thebubblecanhardlybeseenin Figure12(a).



(a) (b)

Figure9: Comparing 3
�

2-subdivision hierarchywithout (a) andwith (b) trilinear B-splinewavelets.Shown is thesameisosurfaceextracted
from the level of detailwith downsamplingratios26. (Datasetcourtesyof S. Roettger, AbteilungVisualisierungund Interaktive Systeme,
Universityof Stuttgart,Germany)

�

RMS Figure9 Figures10and11 Figure12
downsamplingratio w/o wavelets wavelets w/o wavelets wavelets w/o wavelets wavelets

23 1� 79% 1 � 59% 2� 84% 2 � 58% 1� 77% 1 � 57%
26 3� 63% 3 � 13% 3� 84% 3 � 46% 4� 29% 3 � 90%
29 6� 02% 5 � 05% 5� 07% 4 � 61% 7� 60% 6 � 98%
212 8� 99% 7 � 51% 6� 84% 6 � 25% 10� 94% 9 � 90%
215 12� 26% 9 � 64% 9� 23% 8 � 72% 14� 35% 12� 71%

Table1: Root-mean-squareerrorsfor threeexamplesat differentlevelsof resolutionwithout (w/o) andwith trilinearB-splinewavelets.

(a) (b) (c)

Figure10: (a) Slicethroughthree-dimensionalbraindatasetat full resolution;(b) sliceat level of detailwith downsamplingratio 26 without
and(c) with B-splinewaveletson a 3

�

2-subdivision scheme.(Datasetcourtesyof A. Toga,Ahmanson-LovelaceBrain MappingCenter,
Universityof California,Los Angeles)

� �

�

�




�

��� ���

�

� �

�

� � � �
� 	

�

� � 	 �

We have introduced n
�

2 subdivision combinedwith n-variateB-
spline wavelets for n-dimensionalmultiresolutiondata represen-
tation. Visualizationof biomedicalimagingdataandnumerically
simulatedhydrodynamicsdata,for example,requireef�cient meth-
odsof isosurfaceextraction. For this purpose,a three-dimensional
multiresolutionframework is desirable.We �rst have established
a bivariateB-splinewavelet schemefor

�

2 subdivision andhave
generalizedit to a trivariateB-splinewaveletschemefor 3

�

2 subdi-
vision. Theprovidedexamplesdocumentthevalueof ourapproach
for surfaceandvolumemodelingandvisualization.

By using n
�

2 subdivision, insteadof using quad- or octrees,

a multiresolutionhierarchycan be generatedthat provides much
more levels of detail, since,in eachsubdivision step,the number
of verticesis only doubledinsteadof multiplied by a factor of
four or eight, respectively. In the context of view-dependentand
adaptive re�nementandvisualization,thischaracteristicsupportsa
higher level of adaptivity. Furthermore, n

�

2 subdivision doesnot
only work for structured-rectilineargrids,but alsofor moregeneral
structured-curvilineargrids,andevenfor arbitrarygrids,i. e.,grids
with extraordinaryvertices.

By integratinga waveletschemeinto thesubdivision approach,
we obtain, in general,much betterapproximationson eachlevel
of detail. We have chosenn-variateB-spline waveletsand have
developedlifting schemesfor n � 2 andn � 3, which usenarrow



(a) (b)

Figure11: Hierarchicalvisualizationof braindataset,(a)basedon 3
�

2-subdivisionwithoutand(b) with B-splinewavelets.(Datasetcourtesy
of A. Toga,Ahmanson-LovelaceBrainMappingCenter, Universityof California,Los Angeles)

(a) (c)

(b) (d)

Figure12: Entropy in a three-dimensionalsimulationof Richtmyer-Meshkov instability, visualizedby isosurfaceextraction from a 3
�

2-
subdivision hierarchywithout (left column)andwith (right column)B-splinewavelets(downsamplingratios215 and29).

masks.Thesenarrow masksallow usto utilize thewaveletscheme
for view-dependent,adaptivemultiresolutionvisualizationof large-
scaledata.

Thewaveletencodingonly reorganizesdataanddoesnotrequire
additionalmemory. The n

�

2-subdivision schemealsodoesnot re-
quireusto storeadditionalconnectivity information.Thus,our ap-
proach,asawhole,requiresnoadditionalstorage.

Sincethe masksof our lifting schemeareof constantsizeand
thenumberof iterationsfor ourlifting schemeis constant,ouralgo-
rithmsrunin lineartimewith respectto thenumberof originaldata.
Sincethemasksarenarrow andonly two iterationsareneeded,the
run-timeconstantsaresmall.Consideringtheexamplesshown, we
concludethatourapproachprovidesa valuabletool for theinterac-

tiveexplorationof volumetricdataat multiple level of resolution.
Future work will include the application of our methodsto

structured-curvilineardata, which requiresa smooth and stable
three-dimensionalaveragingstepfor 3

�

2 subdivision, andthegen-
eralizationof our approachto four dimensions,wheretime is the
fourth dimension.Furthermore,we want to combineour approach
with varioussophisticatedadaptive visualizationtechniques.

� 
 �

�

� �

���

�

� � � �

���

Thiswork wassupportedby theNationalScienceFoundationundercontract
ACI 9624034(CAREERAward),throughtheLargeScienti�c andSoftware
Data Set Visualization(LSSDSV) programundercontractACI 9982251,



and throughthe NationalPartnershipfor AdvancedComputationalInfra-
structure(NPACI); theNationalInstituteof MentalHealthandtheNational
ScienceFoundationundercontractNIMH 2P20MH60975-06A2;theArmy
ResearchOf�ce undercontractARO 36598-MA-RIP;and the Lawrence
LivermoreNationalLaboratoryunderASCI ASAP Level-2 Memorandum
AgreementB347878and underMemorandumAgreementB503159. We
alsoacknowledgethesupportof ALSTOM SchillingRoboticsandSGI.We
thankthemembersof theVisualizationandGraphicsResearchGroupat the
Centerfor ImageProcessingandIntegratedComputing(CIPIC) at theUni-
versity of California, Davis, andthe membersof the DataScienceGroup
at the Centerfor Applied Scienti�c Computing(CASC) at the Lawrence
LivermoreNationalLaboratory. WeespeciallythankPeer-Timo Bremerfor
supplyinguswith animplementationof the � 2-subdivision wavelets.

���

�

�

	

� �




�

�

[1] Martin Bertram.MultiresolutionModelingfor Scienti�cVisualization.
PhDthesis,Departmentof ComputerScience,University of Califor-
nia - Davis, 2000.

[2] Martin Bertram,Mark A. Duchaineau,BerndHamann,andKennethI.
Joy. Bicubic subdivision-surfacewaveletsfor large-scaleisosurface
representationandvisualization.In ThomasErtl, BerndHamann,and
AbitabhVarshney, editors,Proceedingsof IEEE Conferenceon Visu-
alization2000, pages389–396.IEEE, IEEE ComputerSocietyPress,
2000.

[3] Martin Bertram,Daniel E. Laney, Mark A. Duchaineau,CharlesD.
Hansen,BerndHamann,andKennethI. Joy. Waveletrepresentationof
contoursets.In ThomasErtl, KennethI. Joy, andAmitabhVarshney,
editors,Proceedingsof IEEEConferenceonVisualization2001, pages
303–310.IEEE,IEEEComputerSocietyPress,2001.

[4] Paolo Cignoni, Claudio Montani, Enrico Puppo, and Roberto
Scopigno. Multiresolution modeling and visualizationof volume
data. IEEE Transactionson Visualizationand ComputerGraphics,
3(4):352–369,1997.

[5] Albert Cohenand Ingrid Daubechies.Nonseparablebidimensional
waveletbases.Rev. Mat. Iberoamericana, 9(1):51–137,1993.

[6] ThomasGerstnerandRenatoPajarola.Topologypreservingandcon-
trolled topologysimplifying multiresolutionisosurfaceextraction. In
ThomasErtl, BerndHamann,andAbitabhVarshney, editors,Proceed-
ingsof IEEEConferenceonVisualization2000, pages259–266.IEEE,
IEEE ComputerSocietyPress,2000.

[7] RobertoGrossoandGüntherGreiner. Hierarchicalmeshesfor volume
data.In Proceedingsof CGI '98, Hanover, Germany, 1998.

[8] RobertoGrosso,ChristophLürig, andThomasErtl. Themultilevel �-
niteelementmethodfor adaptive meshoptimizationandvisualization
of volumedata. In R. YagelandH. Hagen,editors,Proceedingsof
IEEE Conferenceon Visualization1997, pages135–142.IEEE, IEEE
ComputerSocietyPress,1997.

[9] André GuéziecandRobertHummel. Exploiting triangulatedsurface
extractionusingtetrahedraldecomposition.IEEETransactionsonVi-
sualizationandComputerGraphics, 1(4):328–342,1995.

[10] Leif Kobbelt. � 3-subdivision. In Kurt Akeley, editor, Proceedingsof
SIGGRAPH2000, ComputerGraphicsProceedings,Annual Confer-
enceSeries,pages103–112.ACM, ACM Press/ ACM SIGGRAPH,
2000.

[11] Leif Kobbelt. Multiresolution techniques. In Farin, Hoschek,and
Kim, editors, Handbookof ComputerAided GeometricDesign. to
appear, Elsevier SciencePublishing,Amsterdam,The Netherlands,
2002.
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