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Multiresolution methodsprovide a meansfor representinglataat
multiple levels of detail. They aretypically basedon a hierarchical
dataorganizationschemeand updaterules neededfor datavalue
computation.We usea dataorganizationthatis basedon whatwe
call "2 subdiision. Themainadwantageof " 2 subdiision, com-
paredto quadtregn 2) oroctree(n 3) organizationsis thatthe
numberof verticesis only doubledin eachsubdvision stepinstead
of multiplied by a factorof four or eight, respectiely. To update
datavalueswe usen-variateB-splinewavelets,which yield better
approximationgor eachlievel of detail. Wedevelopalifting scheme
forn 2andn 3 basedonthe " 2-subdiision scheme We ob-
tain narrav masksthat provide a basisfor out-of-coretechniques
aswell asview-dependenvisualizationandadaptve, localizedre-
nement.
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Multiresolutionschemesreusedin computergraphicsmainly for
editingandrenderingcurvesandsurfacesatmultiple levels of reso-
lution. While mostexistingschemesould,in principle,begeneral-
izedfor higherdimensionablata,only a few have beenextendedo
data(or functions)de ned over three-or even higherdimensional
domains. The combinedsubdvision-wavelet schemewe are de-
scribingin this paperis driven by the needto representrivariate
data(or functions)at multiple resolutionlevels for scienti ¢ visu-
alization.

Representingolumedatahierarchicallyis importantin thecon-
text of “volumemodeling”andvisualizingvolumedata,e.g.,scalar
or vector elds de ned over volumetricdomains. Visualizingin-
herentlytrivariatephenomenaftenrequiresoneto applyrendering
operationgo volumetricdata- examplesbeingvolumeslicing via
a cutting plane,isosurficeextractionthroughmarching-cubes-lik
algorithms andray casting. Themultiresolutionapproximatiorap-
proachwe describein this paperprovidesan elegantmeansof hi-
erarchicallyorganizingvolume data,andwe canusethe resulting
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hierarchyto apply to its variouslevels volume datavisualization
methods.

We combine " 2 subdvision with n-variateB-splinewaveletsfor
n-dimensionamultiresolutiondatarepresentationMultiresolution
schemesave beenstudiedextensiely overthe pastdecadeA sur
vey of themainmultiresolutionapproaches;onsideringalsotopo-
logical constraintsjs given by Kobbeltin [11]. Theseapproaches
can, for example,be usedfor a multiresolutionrepresentatiorof
isosurfices. However, when considering(bio-)medicalimaging
data,for instancewe mustbe ableto switch quickly betweeniso-
surfacescorrespondingo differentisovalues,andwhenconsider
ing, for example,numericallysimulatedtime-dependentiydrody-
namicsdata,we even have to dealwith isosurficeschangingover
time. It is undesirabldo storeevery singleisosurficefor all pos-
sibly importantisovaluesat different resolutionsand load them
during visualization. Instead,we devise a multiresolutionvolume
datarepresentationWe rst develop a bivariate B-spline wavelet
scheméor 2 subdvision andthengeneralizet to atrivariateB-
splinewavelet schemefor *2 subdvision. We have appliedour
techniquego bivariateaswell asvolumetricdata.

For large-scalemultiresolutionrepresentationpne should use
regular ratherthanirregular datastructures sincegrid connecti-
ity is implicit anddataaccessimplefor regulardata.To overcome
regulardatastructuresdisadwantageof coarsegranularity we have
developedthe " 2-subdvision schemave discussn Section3. Ev-
ery " 2-subdvision steponly doublesghenumberof verticeswhich
is afactorof " 2in eachof then dimensions.

Whenusingawaveletschemethedatavalueatavertex p is up-
datedwhenchangingthe level of detail, andthusthe valuevaries
with varying level of detail. On a coarselevel, the value repre-
sentsthe value at p itself aswell asan averagevalue of a certain
region aroundp. This approachleadsto better approximations
on coarseilevels. Waveletsbasedon the " 2-subdvision scheme
unfortunatelyhave the disadwantageof creatingover andunder
shoots.For example,for isosuraceextraction(n  3) this charac-
teristiccancausecreationof isosurbiceqor isosuracecomponents)
that vanishwhenincreasingthe resolution. Therefore,we usen-
variate B-spline wavelets and adjustthemto the " 2-subdvision
scheme.

B-splinewaveletshave the propertythatthey do notonly in u-
encethe neighborsof a vertex p. Thus, when using out-of-core
techniguego operateon or visualizelarge-scaledata,a lot of data
mustbe loadedfrom externalmemorywith low I/O-performance.
Furthermore the adaptvity for view-dependente nement tech-
niquesis restricted Lifting schemesvith narrav Iters canbeused
to overcomethis problem. We review and generalizethe lifting
schemefrom [3] in Section4. In Sections5 and7, we develop a
similar lifting schemdor the " 2-subdvision schemdorn 2 and
n 3. Weprovide resultsin Sections and8.



Multiresolution volume representationis based on a three-
dimensionalhierarchicaldataorganizationof irregular or regular
type. Irregulardatastructuresse€(4, 8, 7], usenon-uniformre ne-
mentstepswhich makesthemhighly adaptve. Ontheotherhand,
grid information must be storedand data accesss not straight-
forward. Especiallyfor large-scaledata, additionalmemoryre-
quirementsand memoryorganizationneedsare a major disadwan-
tageof irregularstructures.

Concerningregular dataorganizationspctreessee[14, 18, 22,
25, 32]; and sometimegetrahedralgrids are used,see[18]. For
regular structuresgrid connectiity is implicit and datais easily
andquickly accessedHowever, the re nementstepshave to con-
form to thetopologicalconstraintswhich makesregular structures
less adaptve. To overcomethis disadwantage,we usethe °2-
subdvision scheme,a regular data organizationsupporting ner
granularity While, for example,anoctreere nementstepdoubles
the numberof verticesin every dimension,which leadsto a fac-
tor of eight,a * 2-subdvision steponly doublesthe overallnumber
of vertices.Therefore, > 2 subdiision will, in generalrequireless
verticesthanoctreego satisfyspeci edimagequality errorbounds.
Since ner granularityleadsto higheradaptvity this factstill holds
whenusingadaptve re nementtechniques.

Thesplitting stepof the " 2-subdvision schemeyoesbackto Co-
henandDaubechieg5] for n 2 andMaubach[16] for arbitrary
n. It canbe describedby usingtriangularaswell asquadrilateral
meshegn 2) or their counterpartsor higherdimensions.In the
following, we will considerthe quadrilaterakaseandits general-
ization.

The re nementstepof the approacheslescribedn [6, 20, 33]
is alongest-edgdisectionappliedto tetrahedrameshesThis step
is equivalentto the splitting stepof the *2-subdvision scheme.
However, theseapproacheslo not representa full subdvision
schemesincethe averagingstepis missing. Thus,theseschemes
arerestrictedto structured-rectilineagrids, where eight cuboids
sharea commonvertex, andthe cuboidshave the samesize. The
% 2-subdiision schemeaalsoappliesto structured-curvilineagrids,
wherehexahedraof arbitraryshapgbut with linearedgespyreused
insteadof cuboids. The schemecould even handleextraordinary
vertices. B

Recently Velhoand Zorin [30] introduced 2-subdvision sur
faces(n 2) by addingan averagingstep. They shaved thatthe
producedsuriacesareC*-continuousat regular andC-continuous
atextraordinaryvertices.(For anintroductionto subdvision meth-
ods,wereferto [31].)

Themainadwantageof waveletschemess thefactthatthey pro-
vide a meango generatéiestapproximationsn a multiresolution
hierarchy Stollnitz et al. [26] describechow to generatevavelets
for subdvision schemes.However, " 2-subdvision waveletscan
leadto over- andundershootsseeFigure7(b), which areespecially
disturbingwhenextractingisosuricesfrom differentlevels of ap-
proximation. They caneven causetopologicalchangesf isosur
faceswhenchanginghelevel of resolution.Thereforewe have de-
cidedto generaté-splinewaveletsfor the " 2-subdvision scheme,
which areknown to producegoodapproximations.(For anintro-
ductionto B-splinetechniquesye referto [23].)

The computationof wavelet coefcients at a certainvertex for
waveletswith good approximationquality like B-spline wavelets
is not limited to usingonly adjacentvertices. Localization, how-
ever, is strongly desirablewhen we want to apply the wavelet
schemeo adaptve re nementandto out-of-corevisualizationtech-
nigues.Lifting schemesasintroducecby Swelden$27] decompose
waveletcomputationsnto several steps but they asserharrov |-
ters, seeFigure 6. Bertramet al. [2, 3] de ned a lifting scheme
for one-andtwo-dimensionaB-spline waveletsusing a quadtree

organizatiorof thevertices.

Waveletsfor generaHilation matricesgo backto Riemenschnei-
derandShen[24] who useda box-splineapproachKovacevit and
Vetterli [13] and,morerecently Uytterho&en [29] andKovacevit
andSweldeng12] developedifting schemeshatcanbeappliedto
" 2-subdvision datastructures.Uytterhoaen [29] only addressed
thetwo-dimensionatase.Iln [12], the Iters thatproducegoodap-
proximationsarenot narrov enoughfor our purposesOntheother
hand,the updaterule for the narrav lIters in [12] is the identity,
which doesnot supportthe creationof goodapproximations.

Another main differencebetweenour approachand the non-
separabldters usedin [29] and[12] is the updaterule. For exam-
ple, we updatethe verticesin a ® 2-subdvision schemeby apply-
ing rst thethree-,thenthe two-, and nally the one-dimensional
updaterules. This approachautomaticallyincludesthe boundary
caseswhich arenot sufciently addresseth [29] and[12]. More-
over, thegeneralizationio arbitrarydimensiomiis straight-forvard.

"2

We rst describethecasen 2. Fora 2-subdvision stepof a
quadrilateral, we computeits centroidc, andconnect to all four
verticesof Q. The“old” edgesof the meshareremoved (except
for the edgesdeterminingthe mesh/domairboundary). Figure 1
illustratesfour  2-subdiision steps.

Figurel: 2 subdiision.

The maskusedfor the computatiorof the centroidc is givenin
Figure2(a). Figure2(b) shavs the maskof the averagingstepac-
cordingto[30]. A 2-subdvision stepis executedby rst applying
themaskshavn in Figure2(a), which insertsthe new vertices,and
then(after the topologicalmeshmodi cations) applyingthe mask
shavn in Figure2(b), which repositiongheold vertices.
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Figure2: Masksof 2-subdvision step:(a) insertingcentroid;(b)
repositioningold vertices.

This subdvision schemefor quadrilateralds analogougo the

3-subdvision schemeof Kobbelt[10] for triangles. Therefore,
wecallit 2 subdvision. B

We now generalizéhesubdvisionschemeo " 2 subdiisionfor
arbitrarydimensionn. The splitting stepis executedby inserting
the centroidandadjustingvertex connectiity. The averagingstep
appliesto every old vertex v theupdaterule

v av 1 aw
wherew is the centroidof theadjacennhew vertices.

We areespeciallyinterestedn thecasen 3. Little researcthas
beendoneto dateconcerninghree-dimensionalvolumetric)sub-
division. Oneexampleis thework describedn [15]. Theliterature
currently provides no analysisof averagingstepsfor dimensions



largerthantwo. Thus,at presentwe cannotprovide a solutionfor
the choiceof a usedin theupdaterule. Someinvestigationsaabout
applyingtheupdaterulein arbitrarydimensionsveremadeby Pas-
cucciin [19].

When applying the ®2-subdvision schemeto large volumet-
ric data sets, we usually deal with structured-rectilineagrids,
especiallywhen consideringimaging data sets. For structured-
rectilineargrids,theupdaterule doesnot changethe positionof the
verticesregardles®of thespeci c a value,butit only affectstheval-
uesat thevertices.In Section6, we shav thatthe 2-subdvision
waveletsarenot appropriatdor our purposesandwe replacethem
by B-splinewavelets. Therefore we do not needto choosea value
fora.

In Figure3, three * 2-subdvision stepsareshawn. In eachstep,
the centroidsof thepolyhedralshapesreinserted andthe connec-
tivity is adjusted.Threekinds of polyhedralshapesrise.They are
shawvn in Figure4.

In the rst step,eachcuboid ( rst picture of Figure 3 / third
picture of Figure 4) is subdvided by insertingthe cuboids cen-
troid andconnectinghe centroidto all old vertices(secondicture
of Figure 3). In the secondstep,eachoctahedror( rst picture of
Figure4) is subdvided by insertingthe octahedrors centroidand
connectinghe centroidto all old vertices,while all old edgesgx-
ceptthe(red)edgesnsertedn thelastsubdvision step,aredeleted
(third pictureof Figure 3). In the third step,eachoctahedrorwith
splitfaceqsecondictureof Figure4) is subdvidedby insertingits
centroidand connectinghe centroidto all old vertices,exceptthe
(red)verticesinsertedn the next-to-the-lastsubdvision step,while
all old edgesgexceptthe edgeshetweerthe (red) verticesinserted
in the next-to-the-lastsubdvision stepandthe (green)verticesin-
sertedn thelaststep,aredeletedfourth pictureof Figure3).

Thethreesubdvision stepscanalsobe describedn thefollow-
ingway: The rst stepinsertsthecentroidof thecuboid,thesecond
stepinsertsthe centersof the facesof the original cuboid,andthe
third stepinsertsthe midpointsof the edgesof the original cuboid.
Three ® 2-subdvision stepsproducethe sameresultasoneoctree
re nement step. Hence,for multiresolutionpurposeswe obtain
a much ner granularitythrough *2 subdvision. We can thus
approximatenuchmore closely a requiredlevel of mesh-element
size. Thereforejt is likely thatonemustrendermuchlessdatato
obtainadesiredmage/ visualizationquality.

In thissectionwereview andde ne masksor theone-dimensional
lifting schemeof [2] and generalizethemto the two- andthree-
dimensionalcases. In the following sections,we will adjustthe
two-dimensionalifting schemeto 2 subdiision and the three-
dimensionalifting schemeo * 2 subduision.

Theone-dimensionaB-splinewaveletlifting schemamalkesuse
of two operationsthat are de ned by the following two masks,
calleds-lift andw-lift:

s-lift ab : a b a Q)
w-lift ab : a b a (2

The s-lift maskis appliedto the old vertices(black) andtheir new

neighborgblue),whereaghew-lift maskis appliedto thenew ver-

tices(blue) andtheir neighborg(black), seeFigure5(a). For ade-
tailedderiationof thelifting schemedhatwe useasa basisfor this

paper aswell asfor its analysis(smoothnessstability, approxima-
tion order andzeromoments)we referto [1].

Using the s-lift andw-lift masks,a linear B-splinewaveleten-
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Figure5: Re nementstepfor one-, two-, and three-dimensional
meshes.

codingstepis de ned by sequentiallyexecutingthetwo operations

w-lit 3 1 and
s-lift 1

A linear B-splinewaveletdecodingstepis de ned by sequentially
executingthetwo operations

s-it %1 and
wHift 41

Figure6 illustratesthe one-dimensiondlfting scheme.
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5 sift | {levelna]-H sdift

0.25 -0.25 0.5
] wavelef 10
ift | coeff. | w-

Figure6: One-dimensiondinearB-splinewaveletlifting scheme.

When applying two-dimensional B-spline wavelets to a
quadtree-aganizedset of vertices,two kinds of new verticesare
obtainedwhen executinga re nement step, namelythe new ver
ticesinsertedat the midpointsof old edgeqblue)andthe new ver
ticesinsertedat the centersof old faces(green),seeFigure 5(b).
Thereforewe have two differentmasks We derive theneededwo-
dimensionamasksby convolution of theone-dimensionahasksn
thetwo coordinatedirections. The resultsof this convolution step
arethetwo-dimensionamasks

a? ab a?

s-lift ab : abh b2 ab (3)
a? ab a?
a b a and 4)
a2 ab a?

w-lift ab : ab b2 ab (5)
a2 ab a?
a b a (6)

The one-dimensionaiasksde ned by (4) and (6) are appliedin
both directions. The masks(3) and (4), aswell asmasks(5) and
(6), areappliedsimultaneously

When applying three-dimensionalB-spline wavelets to an
octree-oganizedsetof vertices threekindsof new verticesareob-
tainedwhenexecutinga re nementstep,namelythe new vertices
insertedat the midpointsof old edges(blue), the new verticesin-
sertedat the centersof old faces(green),andthe new verticesin-
sertedcatthecentroidsof old cubegred),seeFigure5(c). Therefore,
we have threedifferent masks. For three-dimensionainasks,we
shaw the structureof the maskandseparatelye ne the valuesfor
theblack,blue,greenandredvertices.We derive theneededhree-
dimensionamasksby corvolution of theone-dimensionahasksn
all threecoordinatedirections.They aregivenby



o bS
I vt
s-lift ab : ) ‘3%/ :2b; (7)
~ )L z ?:@:7:7:4:7:: — a3
a2 ab a?
ab b? ab (8)
a2 ab a?
a b a and 9
T
! T as
P e R 2
wift ab ;] A (10)
j}« z ,): —:::7;0::: — b3
a ab &
ab b ab (11)
a ab &
a b a (12)

Using 2 subdisioninsteadof aquadtree-basesthemewe only
obtainnew verticesat the centersof old faces(green)when exe-
cuting a subdvision step;at the midpointsof old edgeg(blue), no
verticesareinserted seesecondicturein Figurel andcompareo
Figure5(b). Thus,no datais available at the positionsof the blue
vertices andwe mustadjustthetwo-dimensionaimaskg3) and(5).
For encodingwith linear B-splinewavelets,the w-lift operation
is executed rst. Sincewe have no valuesat the blue positions
requiredfor mask (5), we linearly interpolatethe valuesat the
black vertices. Linear interpolationis appropriate,sincewe are
usinglinearwavelets.This approactthangesnask(5) to

a2 ab a2 ab
w-lift o @0 b? (13)
a2 ab a2 ab
Next, the s-lift operationis executed. Again, we have entriesat

the blue positionsin mask(3). However, the w-lift operationhas
(theoretically)executedmask(6), andwe assumedhatthe values

at the blue vertices were linear interpolationsof the values at
the black vertices;therefore the valuesat the blue verticeshave
vanishedMask (3) changedo
a? al
S-iftg o @ 0 - b? (14)
a? a?
For decoding,we rst executethe s-lift operation. Prior to
executing the s-lift operationof the encoding,the valuesat the
blue verticeshave vanished but the s-lift operation(theoretically)
executedmask(4). Hence the valuesat the blue verticesare now
given by linear interpolationof the valuesat the greenneighbor
verticesmultiplied by the factor 2a of mask(4). We renamethe
factora to a andderive from mask(3) the new mask

a? 2aab a? 2aab
pab: b? (15)
a? 2aab a? 2aab

s-lift

deco

Finally, the w-lift operationis executedagain. The s-lift decoding
operationhas(theoretically)appliedmask(4). Sincemask(4) ap-
plied by the s-lift decodingoperationis theinverseof mask(4) ap-
plied by thes-lift encodingoperationthevaluesatthebluevertices
arethe sameasbeforethe executionof thesetwo s-lift operations,
i. e.,they vanish. Theseconsiderationsle ne a nev maskderived
from mask(5), givenby

a2 a2
WHift goeo @ D b? (16)
a2 a2

In thetwo-dimensionatasethemasksareasnarrav asthey can
be.

In Figure 7, we provide an examplefor 2 subdvision and two-
dimensionalwavelets. The original surfaceshavn in Figure 7(a
resultsfrom samplinga two-dimensionalGaussiarfunction at 64
vertices. The surfaceis encodedand decodedagain. In Figure
7(b), we shav a coarsdevel of detail obtainedby 2-subdvision
wavelets.In Figure7(c), we shav the samelevel of detail obtained
whencombiningbilinear B-splinewaveletsand 2 subdvisionin
theway describedn the previous section.
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Figure7: (a) 2-subdiision surfaces(b) encodedinddecodedy
2-subdvision wavelets;and(c) bilinear B-splinewavelets.

In Figure 7(b), the over- and undershootsausedby the 2-
subdvision waveletscanberecognizedNo over- andundershoots
are visible when combining 2 subdiision with linear B-spline
wavelets,seeFigure7(c).

We also have developeda lifting schemefor cubic B-spline
wavelets,but themasksarenotasnarrav asin thelinearcasethree
insteadof two lifting stepsarerequired,see[2], and,mostimpor-
tantly, over- andundershoot@ppearagain. Sincelinear B-spline
wavelets, contraryto cubic ones,have interpolatingscalingfunc-
tions,interpolatingre nement lters areguaranteedsee[12], i. e.,
noover- andundershootsanappear

For progressie visualization,e.g. whengeneratingmagespro-
gressvely by loading datafrom slow externalmemoryor via In-
ternet,the storageof valuescanbereomganizedasshavn in Figure
8. Progressie visualizationstartsby usingthe black block (right),
thenaddingthe greenblock (middle),and, nally , addingthe blue
block (left).

reorder reorder
progressive

2SS\ progressive
visualization
. sHdiization

visualization
_ isHdiization

Figure8: Reorderingdatafor progressie visualization.
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In this section,we generalizethe ideasof Section5 to the three-
dimensionakase.Recallingthe stepsof a * 2-subdvision scheme
depictedin Figure 3, afterthe executionof the differentstepsdif-
ferentkinds of polyhedralshapesarise,seeFigure 4. Therefore,
we have to distinguishbetweerthe differentsteps. The following
descriptionstartswith the situationshavn in the secondpicture of
Figure 3 (volumecas§, proceedswith the situationshawvn in the
third picture of Figure 3 (face casg, and nally treatsthe situa-
tion shawvn in the fourth picture of Figure3 (edge casg, which is
topologicallyequivalentto thesituationshavn in the rst pictureof
Figure3.

The volume case

To performlinear B-splinewaveletencodingn thesituationshavn

in thesecondpictureof Figure3, we rst executeaw-lift operation.
Therefore we applythreemasksbeingsimilarto masks(10), (11),

and(12), subjectto theconstrainthatno valuesareavailableatthe
blueandgreenvertices.

Regardingthestructureof maskq10), we assuméhatthevalue
atabluevertex is de nedby linearinterpolationof thevaluesatthe
two blackvertices(with whichthebluevertex sharesanedge),and
thatthe valueat a greenvertex is de ned by bilinearinterpolation
of thevaluesatthefour blackvertices(with which thegreenvertex
sharesaface).Oneobtainsthe mask

Themasksbeinganalogouso maskg11) and(12) areonly “ap-
plied theoretically However, sincethe valuesat the blue vertices
areassumedb belinearinterpolation®f thevaluesattheblackver
tices,andsincethe valuesat the greenverticesare assumedo be
bilinearinterpolationf thevaluesattheblackvertices thevalues
atboththe blueandgreenverticesvanish. Therefore the maskfor
thenext s-lift operationwhichis ananalogueof mask(7), reduces
to themask

S-iftg o @ 0 -

Again,theanalogouwsersionsof maskg8) and(9) areonly applied
theoretically

For thedecodingstep,we startwith the s-lift operationj. e.,we
adjustmask(7). Having (theoretically)appliedmasks(8) and (9)
with vanishingvaluesat the blue andgreenvertices,the valuesat
the greenverticesarelinear interpolationsof the valuesat the red
neighborvertices, multiplied by the factor 2a, andthe valuesat
theblue verticesarebilinearinterpolationsof the valuesat the red
neighborvertices, multiplied by the factor4a2. By renamingthe
factorato a, we obtainthemask

Slift oo @ 0

a® 3aa’b 3alabk?

Again,theanalogousersionsof maskg8) and(9) areonly applied
theoretically Sincemasks(8) and(9) of this s-lift operationarethe
inversemasksof maskg8) and(9) of theencodings-lift operation,



theblueandgreenverticeshave theirformervaluesassignedagain,
i. e., thevaluesvanish. Hence the maskfor the nal w-Ilift opera-
tion, which is the maskbeinganalogougo mask(10), reduceso
themask

Wit o @D

In the three-dimensionatase the masksareasnarrav asthey
canbe.

The facecase

WhenapplyinglinearB-splinewaveletencodingo thesituationde-

pictedin thethird pictureof Figure3, we have to make surethatwe

do not violate the assumptionsnadefor the volume case.We as-
sumethatthevaluesatthe greenverticesarebilinearinterpolations
of thevaluesat theblackneighborvertices. Thus,whenthevalues
atthegreenverticesareavailable,their valuesshouldbe computed
only from the valuesat the black vertices. This insight leavesus

with thetwo-dimensionatase andwe canapplymasks13)— (16)

of Section5.

The edgecase

WhenapplyinglinearB-splinewaveletencodingto the situationil-
lustratedin the fourth picture of Figure 3, we mustnot violate the
assumptiorthatthe valuesat the blue verticesarelinearinterpola-
tions of the valuesat the black neighborvertices.Whenthe values
at the blue verticesare available, their valuesshouldbe computed
only from the valuesat the black vertices. This insight leaves us
with theone-dimensionatase andwe canapply maskq1) and(2)
of Sectior4.

It is asigni cant advantageof our schemehatthefaceandedge
casescover naturally boundaryfacesand boundaryedgesof the
domain.

In this sectionwe comparethe resultsobtainecby applyinga * 2-
subdvision multiresolutionschemewith and without trilinear B-
splinewaveletencoding.Sincewe wantto shov how our wavelets
improve image quality at a low resolution,all examplesare pro-
videdata coarsdevel of detail.

The datasetusedin Figure9 is a 256° uniform rectilineargrid,
and at every vertex one scalarvalue between0 and 255 is given.
The datasetrepresenta “bonsaitree solid” It was obtainedby
computertomography For the visualizationof the bonsaitree,we
extractedand renderedthe isosurfice correspondingo the value
80, which wasgeneratedby the marching-tetrahedralgorithmde-
scribedin [9]. All the polyhedralshapesn Figure4 have aunique
subdvision into tetrahedraaccordingto the longest-edgdisection
re nement. Thus, all visualizationmethodsbasedon tetrahedra,
including the more sophisticatedsosurfice-atraction methodsin
[6, 20], couldbeapplied.

Figure9(a)shavstheisosurhiceextractedfrom a coarsdevel of
detailof a * 2-subdvision hierarchywithoutusingwavelets.Figure
9(b) shavs the sameisosurace extractedfrom the samelevel of
detail, wherea * 2-subdvision hierarchywas combinedwith the
trilinear B-splinewaveletschemealescribedn the previoussection.
Theresolutionis nothighenoughto representhe nest details like
branchesandtwigs, but the averagingstepsof a waveletencoding
clearlyleadsto betterapproximations.

To quantifytheimprovementin approximatiorguality, we com-
putedan approximatiorerror for eachcoarsetevel of approxima-
tion by comparingt to theoriginal, highestresolutionlevel. Given

the original functionF discretelyby samplevaluesat locationsx;,
i 1ng 1ny 1n;,weusedtheroot-mean-squarerror

2

1 o
aFx fx

RMS NkNyNz ; i

wheref x; denoteghe approximatedunction value obtainedoy
trilinear interpolationappliedto a “cell” in the coarsetevel of res-
olution: If f is de ned at cornerlocationsyj YixYiy Yz and

if X; |S|r15|dethe|nt.erval Yix Y] e x Yiy Y ezy.?/j 2 yj. e,z , the
approximatedunctionvalue f x; resultsfrom trilinear interpola-
tion of theeightcornervaluesf i f Yj 1-

Tablel lists theroot-mean-squarerrorsof the shavn examples
atvariouslevels of resolution.We scaledthe root-mean-squarer-
ror to theinterval 0 1. The “downsamplingratio” is de ned as
the original numberof verticesdivided by the numberof vertices
attheusedcoarserresolution.For all examplesandall resolutions,
we obtainedsmallerroot-mean-squarerrorswhenusingtrilinear
B-splinewavelets.

Figure 10 shavs a biomedicalexample. The datasetrepresents
a humanbrain. It is given as 753 slices,and eachslice hasa res-
olutionof 1050 970 points,where24-bit RGB-colorinformation
is stored. The original datasetwas preprocessewith a segmen-
tation algorithmdescribedn [28] to eliminatenoise. We applied
the wavelet schemeo eachcolor channelindependentlyand,after
corversion,usedthevalueV of theHSV colormodelfor isosurfice
extraction.

Sincethe datawastoo large to be storedin main memory we
usedout-of-coretechniquesDueto the narrav masksof ourlifting
schemeat mostthreesliceswereusedsimultaneously

For Figure 10, we usedan interactize progressie slicing vi-
sualizationtool, see[21], to generatean arbitrary cutting plane
throughthe braindataset. Figure10(a)shavs theslice at the high-
estresolution,Figure 10(b) after dowvnsamplingwith * 2 subdui-
sion(downsamplingatio 2°), andFigure10(c)afterdownsampling
with ® 2 subdvision (downsamplingratio 26) andtrilinear B-spline
wavelets.

Comparedo Figure10(b),thecontoursn Figure10(c)aremuch
smootherMoreover, theslicein Figure10(c) containsinformation
of thefull-resolutionslicesnext to theslicein Figure10(a). Without
averaging somedetailedinformationmight getlost.

Figurellshavsanisosurfcefor thevalue78extractediromthe
samedatasetat the level of detailwith downsamplingratio 2°. For
Figure 11(a), we useda *2-subdvision hierarchywithout using
wavelets,and, for Figure 11(b), we combinedthe % 2-subdvision
hierarchywith trilinear B-spline wavelets. Figure 11(b) exhibits
muchmoredetailinformationthanFigure11(a).

In Figure 12, we applied our techniqguego numerically simu-
lated hydrodynamicsdata. The datasetis the resultof a three-
dimensionakimulationof the RichtmyerMeshlov instability and
turbulent mixing in a shocktube experiment,see[17]. For each
vertex of a 1024 structured-rectilineagrid (onetime stepconsid-
eredonly), anentropy valuebetweerD and255is stored.The g-
ure shaws theisosurficecorrespondindo the value 225 extracted
from threedifferentlevels of resolutionof onetime step. Again,
we comparedhe resultsof the *2-subdvision hierarchywithout
(left column)andwith (right column)trilinear B-spline wavelets,
partially computecbut-of-core.

Consideringthe example shavn in Figure 12, when using the
wavelet approachlow-resolutionvisualizationssufce to under
standwheretheturbulentmixing takesplace. For example,Figure
12(c)shaws clearlythebig “bubble”risingin themiddleof thedata
set. Thebubblecanhardlybeseenin Figure12(a).



(a) (b)

Figure9: Comparing ® 2-subdvision hierarchywithout (a) andwith (b) trilinear B-splinewavelets. Shavn is the sameisosuriceextracted
from the level of detailwith downsamplingratios 26. (Datasetcourtesyof S. Roettger Abteilung Visualisierungund Interaktive Systeme,
University of StuttgartGermary)

RMS Figure9 Figures10and11 Figure12
dowvnsamplingratio | w/o wavelets wavelets w/o wavelets wavelets w/o wavelets wavelets
23 179% 159% 284% 258% 177% 157%
26 363% 313% 384% 346% 429% 390%
29 6 02% 505% 507% 461% 7 60% 6 98%
212 899% 751% 6 84% 6 25% 1094% 990%
215 1226% 964% 923% 872% 1435% 1271%

Tablel: Root-mean-squarerrorsfor threeexamplesat differentlevels of resolutionwithout (w/o0) andwith trilinear B-splinewavelets.

(@) (b) ()

Figure10: (a) Slicethroughthree-dimensiondiraindatasetatfull resolution;(b) sliceatlevel of detailwith downsamplingratio 26 without
and(c) with B-splinewaveletson a * 2-subdvision scheme.(Datasetcourtesyof A. Toga, Ahmanson-LeelaceBrain Mapping Center

University of California,Los Angeles)

We have introduced " 2 subdiision combinedwith n-variate B-
spline wavelets for n-dimensionalmultiresolutiondatarepresen-
tation. Visualizationof biomedicalimaging dataand numerically
simulatechydrodynamicslata for example requireef cient meth-
odsof isosurhiceextraction. For this purposea three-dimensional
multiresolutionframenork is desirable.We rst have established
a bivariate B-spline wavelet schemefor 2 subdvision and have
generalizedt to atrivariateB-splinewaveletschemdor ° 2 subdi-
vision. Theprovidedexamplesdocumenthevalueof our approach
for surfaceandvolumemodelingandvisualization.

By using "2 subdiision, insteadof using quad- or octrees,

a multiresolutionhierarchycan be generatedhat provides much
more levels of detail, since,in eachsubdvision step,the number
of verticesis only doubledinsteadof multiplied by a factor of
four or eight, respectiely. In the contet of view-dependentnd
adaptve re nementandvisualization this characteristicupportsa
higherlevel of adaptiity. Furthermore,” 2 subdvision doesnot
only work for structured-rectilineagrids, but alsofor moregeneral
structured-curvilineagrids,andevenfor arbitrarygrids,i. e., grids
with extraordinaryvertices.

By integratinga wavelet schemento the subdvision approach,
we obtain, in general,much betterapproximationson eachlevel
of detail. We have chosenn-variate B-spline waveletsand have
developedlifting schemedor n 2 andn 3, which usenarrav
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Figurell: Hierarchicalisualizationof braindataset,(a) basecn ° 2-subdvisionwithoutand(b) with B-splinewavelets.(Datasetcourtesy
of A. Toga,Ahmanson-LweelaceBrain MappingCenter University of California,Los Angeles)

@)

(b)

(©

(d)

Figure 12: Entropy in a three-dimensionasimulationof RichtmyerMeshlov instability, visualizedby isosurfice extraction from a * 2-
subdvision hierarchywithout (left column)andwith (right column)B-splinewavelets(downsamplingratios21® and29).

masks.Thesenarrov masksallow usto utilize thewaveletscheme
for view-dependentadaptve multiresolutionvisualizationof large-
scaledata.

Thewaveletencodingonly reoiganizeslataanddoesnotrequire
additionalmemory The " 2-subdvision schemealsodoesnot re-
quireusto storeadditionalconnectvity information. Thus,our ap-
proach,asawhole,requiresno additionalstorage.

Sincethe masksof our lifting schemeare of constantsizeand
thenumberof iterationsfor ourlifting schemes constantpuralgo-
rithmsrunin lineartime with respecto thenumberof originaldata.
Sincethemasksarenarrov andonly two iterationsareneededthe
run-timeconstantaresmall. Consideringhe examplesshavn, we
concludethatour approactprovidesa valuabletool for theinterac-

tive explorationof volumetricdataat multiple level of resolution.

Future work will include the application of our methodsto
structured-curvilineadata, which requiresa smooth and stable
three-dimensionadveragingstepfor ° 2 subdiision, andthe gen-
eralizationof our approacho four dimensionswheretime is the
fourth dimension.Furthermorewe wantto combineour approach
with varioussophisticatec@daptve visualizationtechniques.
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