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Abstract

Multiresolutionmethoddor representingdata at multi-
ple levelsof detail are widely usedfor large-scaletwo- and
three-dimensionalatasets.\e presenta four-dimensional
multiresolution approach for time-varying volume data.
This appoach supportsa hierarchy with spatial and tem-
poral scalability.

Thehierarchical dataorganizationis basedon  sub-
division. The  -subdivisionschemeonly doublesthe
overall numberof grid pointsin eac subdivisionstep.This
factleadsto ne granularity and high adaptivity which is
especiallydesimablein the spatialdimensions.

For high-qualitydataapproximationonead level of de-
tail, we usequadrilinear B-splinewavelets. e presenta
linear B-splinewaveletlifting schemebasedon  subdi-
vision to obtain narrow masksfor the updaterules. Nar-
row masksprovide a basisfor out-of-coe dataexploration
techniquesand view-dependentisualizationof sequences
of timesteps.

1 Intr oduction

Due to the improvementsin the performanceof com-
puting power and storagecapacityachieved over the last
decadetoday's data-intensie scienti ¢ applicationsareca-
pable of quickly generatingand storing huge amountsof
data. Downsamplingcan be usedto reducethe datato a
manageablemount. The reduceddatacan be examined
by scientistdo spotregionsof interest,for which morede-
tailedexaminationscanbe performed.Today visualization
applicationshave to dealwith large-scalalatain the spatial
aswell astemporaldimensionsandtheir representatioat
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multiple levels of detail.

Multiresolution methodsfor representinglataat multi-
ple levelsof detailarewidely usedfor large-scaléwo- and
three-dimensionadatasets. Furthermorefor time-varying
datasetstechniquesave beendevelopedthat make useof
temporalcoherencef, for example,numericallysimulated
data. We presenta four-dimensionalmultiresolutionap-
proachwheretime is treatedasfourth dimension.We deal
with large scalesin spatialand temporaldimensionsin a
singlehierarchicaframeawvork.

For large-scalevolume representationpne should use
regular ratherthanirregular dataformats, sincegrid con-
nectvity shouldbe implicit and datashouldbe easilyand
quickly accessible. To overcomeregular datastructures'
disadwantageof coarsegranularity we have developeda

~-subdiision scheme[14]. Every  -subdision step
only doublesthe numberof vertices,which is a factor of

~ineachofthe dimensionsWe brie y review the -
subdvision schemdor in Section3 andgeneralizet
to thefour-dimensionatase.

Another sacri ce whenusing regular datastructuress
that downsamplingis donebasedpurely on grid structure
andwithout consideringdatavalues. Therefore somesci-
enti cally interestingdetailsin a datasetcangetlost and
be overseerfor furtherexaminations.To avoid this, we use
alinear B-splinewaveletscheme:The datavalueat a ver
tex is updatedvhenchangingthelevel of detail,i. e., the
valuevarieswith varyinglevel of detail. On a coarsdevel,
thevaluerepresentshevalueat itself aswell asanaver
agevalueof acertainregionaround . This approacHeads
to betterapproximation®n coarsetevels.

QuadrilineaB-splinewaveletshave thepropertythatthe
computationof the waveletcoefcient atavertex is not
only basedntheneighborof butalsoonverticeshatare
fartheraway in the spatialandtemporaldimensions.Thus,
when using out-of-coretechniquesto operateon or visu-



alize large-scaledata,substantiaamountsof datamustbe
loadedfrom externalmemory with low 1/0O-performance.
Lifting schemesvith narrov lters canbeusedo overcome
thisproblem.In Sectiord, we describeheone-dimensional
lifting schemdrom [4] andgeneralizét to four dimensions
basedon a hypercubere nementapproach.In Section5,
we adjustthe quadrilinearB-spline waveletlifting scheme
to  subdiision. We provide resultsin Section6.

2 Relatedwork

For time-varying volume representationsophisticated
approachesalke useof the datas temporalcoherenceind
focuson the detectionof spatial/structurathangesandup-
datein time [1, 27, 29, 31]. Theseapproachesonsider
scalingin time but notin space.An approachdealingwith
large-scalalatain time andspacewvasdescribedy Shenet
al. [28]. Their approachcombinesan octreewith a binary
treeto a Time-SpacéPartition (TSP)tree,wherethe octree
is usedfor the spatialandthe binary treefor the temporal
hierarchy We treattime asarealfourth dimension.

Octreesarea commondatastructureusedfor multires-
olution volumerepresentatioffl5, 19, 23, 26, 37]. Com-
paredto irregular datastructuresasdiscussedn [5, 8, 9],
regular structuredik e octreeshave the advantagethat grid
connectvity is implicit and datais easily and quickly ac-
cessed.However, the re nementstepshave to conformto
the topologicalconstraintswhich can make regular struc-
tureslessadaptve. To overcomethis disadwantagewe de-
velopedthe  -subdvision schemea regular dataorgani-
zation supporting ner granularity[14]. For example,an
octreere nementstepdoubleghenumberof verticesin ev-
ery dimension,which leadsto a growth factor of eight; a

" -subdiisionsteponly doublesheoverallnumberof ver-
tices. Therefore, ~ subdvision, in general requiresless
verticesthan octreesto satisfy speci ed approximationor
imagequality errorbounds.Since ner granularityleadsto
higheradaptvity, this factstill holdswhenusingadaptve
re nementtechniques.

Consideringtime-varying volume visualization,isosur
faceextraction[10, 27, 31] andvolumerendering1, 29] of
single time stepsare common,and distributed computing
canbeusedto speedt up[16, 20]. A comparisorof differ-
entvisualizationtechniquess providedin [33]. However,
for large-scaledata, the visualizationtechniquescan only
operatein real time after downsamplingthe data. There-
fore,large-scal@ime-varyingvolumevisualizationrequires
usto utilize multiresolutionrepresentationwith scalability
in time andspace Sucharepresentatiors discussedh this
paper

The splitting stepof the  -subdiision schemegoes
backto CohenandDaubechie$6] for andMaubach
[17] for arbitrary . It canbedescribedy usingtriangular

or quadrilateralmesheg ), or their generalizations
for higherdimensions.For tetrahedramesheghe splitting
stepofthe  -subdiision schemes equivalentto longest-
edgebisection[7, 22, 38]. In thefollowing, we considetthe
guadrilateralcaseand its generalizationg.g., cuboidsfor

andhypercuboiddor . Figure1 depictstwo
differentillustrationsof a hypercubeFigurel(a)shavsthe
symmetryin all four dimensionsWe usetheillustrationin
Figure 1(b) that “stretches”the hypercuben the temporal
dimension.
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Figure 1. lllustrations of a hypercube.

Velho and Zorin [35] introduced  -subdvision sur
faces( ) by adding an averagingstepto the -
subdiision splitting step. They shaved thatthe produced
surfacesare  -continuousatregularand  -continuousat
extraordinaryvertices. (For anintroductionto subdvision
methodswe referto [36].)

Whendownsamplingime-varyingvolumedatain areg-
ularfashionasitisdoneby  -subdvisionandthemethod
of Shenet al. [28], datais not groupeddueto changesn
time or space.Thus,on coarsdevels, someimportantde-
tails may be missing. We overcomethis problemby us-
ing wavelets.Waveletschemegrovide ameango generate
bestapproximationsn a multiresolutionhierarchy Stoll-
nitz etal. [30] describechow to generatavaveletsfor sub-
division schemesHowever,  -subdiision waveletscan
leadto over- andundershootswhich aredisturbingduring
visualization,e.g., when extracting isosurficesfrom dif-
ferentlevels of approximation. They can causechanges
of isosurbcetopology when changingthe level of resolu-
tion. Wewouldliketo presereisosurticetopologyasmuch
as possiblewhen changingbetweenapproximationlevels.
Thereforeywe generatdinearB-splinewaveletsfor the -
subdvisionschemeLinearB-splinewaveletsareknown to
producehigh-quality approximationsand they have inter-
polating scalingfunctions,which guaranteesterpolating
re nement lters, see[12], i. e., no over andundershoots
canappear(For anintroductionto B-splinetechniqueswe
referto [24].)

The computatiorof waveletcoefcients ata certainver
tex for waveletswith goodapproximationguality, e.g., for
linearB-splinewavelets,is notlimited to only adjacenver
tices. Localization,however, is stronglydesirablevhenwe
wantto apply a waveletschemdo adaptve re nementand



to out-of-corevisualizationtechniquesLifting schemess
introducedby Sweldeng32] decomposevaveletcomputa-
tionsinto several steps,but they assertnarrav lters, see
Figure 6. Bertramet al. [3, 4] de ned a lifting scheme
for one- and two-dimensionalB-spline wavelets using a
guadtreeorganizationof thevertices.

Wavelets for general dilation matrices go back to
Riemenschneideand Shen[25] who useda box-spline
approachfor their construction. Kovacevi¢ and Vetterli
[13] and, more recently Uytterhoeven [34], Kovacevit
and Sweldeng12], andLinsenet al. [14] developedlift-
ing schemeshat can be appliedto  -subduision data
structures.Uytterhoaren's method[34] addressethe two-
dimensionaktase Kovacevi¢ and Sweldens'approact12]
aswell asLinsenetal’s technique14] dealwith the two-
andthree-dimensionatases.The lters usedin [12] that
producegoodapproximationgrenotnarrav enougtor our
purposesOntheotherhand,the updaterule for the narrov
Iters in [12] is theidentity, which doesleadto high-quality
approximations.

Anothermain differencebetweerthe non-separabld-
tersusedin [34] and[12] andthe approachin [14] is the
updaterule. Following the approachrom [14], we update
the verticesin, for example,a  -subdiision schemeby
applying rst thethree-,thenthetwo-, and nally theone-
dimensionaupdaterules. This approachautomaticallyin-
cludesthe boundarycaseswhich are not sufciently ad-
dressedn [34] and[12]. Moreover, in this paperwe shav
how our lifting schemecanbe generalizedo four dimen-
sions.

3 The -subdivision scheme

We rst describethe case . Fora -subdvision
stepof a quadrilateral , we computeits centroid and
connect to all four verticesof . The “old” edgesof
the meshare removed (except for the edgesdetermining
the mesh/domairboundary).Figure2 illustratesfour -
subdvision steps.
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Figure 2. lllustration of

The maskusedfor the computationof the centroid is
givenin Figure3(a). Figure3(b) shavs the maskof the av-
eragingstepaccordingto [35]. A -subdiision stepis
executedby rst applyingthe maskshown in Figure 3(a),
whichinsertsthe new vertices andthen(afterthe topologi-
calmeshmodi cations) applyingthe maskshavn in Figure
3(b), which adjustgtheold vertices.
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Figure 3. Masks of  -subdivision step: (a)
inser ting centr oid; (b) adjusting old vertices.

This subdvision schemdor quadrilateralgs analogous
tothe -subdiisionschemeof Kobbelt[11] for triangles.
Thereforewecallit — subdiision.

We now generalizehesubdiisionschemdo  subdi-
vision for arbitrarydimension . The splitting stepis exe-
cutedby insertingthe centroidandadjustingvertex connec-
tivity. The averagingstepappliesto every old vertex the
updaterule

where is thecentroidof theadjacennhew vertices.

The literaturecurrently providesno analysisof averag-
ing stepsfor dimensiondargerthantwo. Thus,at present,
we cannotprovide a solutionfor the “optimal choice” of
usedin theupdaterule. (Someinvestigationsveremadein
[21].) However, whenusingthe — -subdiisionscheméor
large-scaldgime-varyingvolumedata,we dealwith rectilin-
eargridswith all hypercuboid$aving the samesize. Thus,
the updaterule doesnot affect the positionof the vertices
regardlesof thespecic value,butit only affectsthede-
pendenfunctionvaluesat the vertices.In [14], we shoved
thatthe -subdiisionwaveletsarenotappropriatéor our
purposesThus,we replacethemby B-splinewaveletsand
do notneedto choosea valuefor

In Figure4, four  -subdiision stepsare shovn. In
eachstep, the centroidsof the polyhedralshapesare in-
serted,and the connectvity is adjusted. In Figure 4, we
only shav the spatialconnectvities within the time steps
anddo notshaw the connectvity informationbetweertime
steps.

The four subdvision stepscan be describedn the fol-
lowing way: Figure 4(a) shows the initial hypercuboid,
which consistsof two cuboidsattwo time stepssay and

. Thetwo cuboidsareconnectedccordingo Figurel(b).
The rst subdvision stepinsertsthe centroidof the hyper
cuboid,shavn in Figure4(b), which canbe interpretedas
thecentroidof acuboidattime step ——. Thesecond
subdvision stepinsertsthe centroidsof the eight cuboids
within the original hypercuboidshavn in Figure4(c). The
third stepinsertsthe centersof the facesof theseeight
cuboidsor of the original hypercuboidrespectiely, shovn
in Figure4(d). Finally, thefourth stepinsertsthe midpoints
of the edgesof the eight cuboidsor of the original hyper



" subdivision.

Figure 4. Steps of

cuboid,respectiely, shavn in Figure4(e). The geometric
structureshawn in Figure4(e)consistsof 16 hypercuboids.
Thus,it is topologicallyequivalentto theoneshavn in Fig-
ure4(a).Four -subdiisionstepsproducehesameesult
asone“hexadectree’re nementstep,wherea hexadectree
is the generalizatiorof an octreeto four dimension,i. e.,
nodesof hexadectreesepresentypercuboids.Fine gran-
ularity canthereforebe supportedor multiresolutiondata
visualizationpurposedy usinga  -subdiisionapproach.

4 The Linear B-spline waveletlifting scheme

We briey review the one-dimensionalifting scheme
discussedn [3] and generalizeit to the four-dimensional
case.We adjustthe four-dimensionalifting schemeto be
suitablefor  subdvision.

The one-dimensionaB-spline wavelet lifting scheme
usestwo operationghat are de ned by the following two
masks calleds-lift andw-lift:

s-lift : 1)
w-lift : (2)

Thes-lift maskis appliedto theold vertices andtheirnew
neighbors , whereaghe w-lift maskis appliedto the new
vertices andtheir neighbors , seeFigure5(a). For a de-
tailedderivationof thelifting schemehatwe use aswell as
for its analysis(smoothnessstability, approximatiororder,
andzeromoments)we referto [2].

(a)> (b) I” L”

Figure 5. Re nement step for one- and four-
dimensional meshes.

Using the s-lift and w-lift masks, a linear B-spline
waveletencodingstepis de ned by sequentiallyexecuting
thetwo operations

w-lift - and

s-lift -
A linear B-spline wavelet decodingstepis de ned by se-
guentiallyexecutingthe two operations

s-lift - and

w-lift -

Figure 6 illustrates the one-dimensionalinear B-spline
waveletlifting scheme.

encoding decoding
—5 siift F{levelna}- st F—

0.25 -0.25 0.5
E{T wavelet 1(;;

‘ coeff.

Figure 6. One-dimensional linear

wavelet lifting scheme.

B-spline

When applying four-dimensionalB-spline wavelets to

a hexadectree-gyanizedsetof vertices,four kinds of new
verticesareobtainedvhenexecutingare nementstep:the
new verticesinsertedat the midpointsof old edges , the
new verticesinsertedat the centersof old faces , thenew
verticesinsertedat the centroidsof old cuboids , andthe
new verticesinsertedat the centroidsof old hypercuboids

, seeFigure5(b). Therefore we mustapplyfour different
masks. For three-and four-dimensionalmasks,we shov
the structuref the masksandseparatelye ne thevalues
for thedifferentkinds of vertices.We derive the needed -
dimensionamasksby corvolution of the one-dimensional
masksin the variouscoordinatedirections.The s-lift
masksarede ned by this depiction:
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The w-lift masksarede ned by this depiction:
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5 Alifting schemefor subdivision
Recallingthe stepsof a  -subdvision schemewhich
aredepictedn Figure4, afterthe executionof thedifferent
stepsdifferentcon gurationsarise. Therefore we have to
distinguishbetweerthe differentsteps. The following de-
scriptionstartswith the situationshovn in Figure4(b) (hy-
pervolumecas§, proceedsvith the situationshavn in Fig-
ure4(c) (volumecasg, continueswith the situationshavn
in Figure 4(d) (face casg, and nally treatsthe situation
shawn in Figure 4(e) (edge casg, which is topologically
equialentto the situationshavn in Figure4(a).

The hypervolume case

In the hypenolume case, we perform linear B-spline
waveletencodingaccordingo thesituationshavnin Figure
4(b). Dueto thelifting schemediscussedn Section4, we
muststartwith aw-lift operation.Thereforewe applyfour
maskssimilar to the four w-lift masksin Section4, subject
to the constraintthatno valuesareavailableat the vertices

, ,and
Regardingthe structuresof the four-dimensionaw-lift

masksdescribedn Section4, we assumdi) thatthevalue
at a vertex is de ned by linear interpolationof the val-
uesatthetwo vertices (with whichthevertex sharesan
edge);(ii) thatthevalueatavertex is de ned by bilinear

interpolationof thevaluesatthefour vertices (with which
thevertex sharesaface);and(iii) thatthevalueataver-
tex isde nedbytrilinearinterpolationof thevaluesatthe
eightvertices (with whichthevertex shares cuboid).
Sincewe areusinglinear B-splinewavelets linearinterpo-
lation is appropriate.Consequentlyone obtainsthe mask
w-lift :

o a'+2a’b+3 % +5ab’
o bt

Sincethevertices , ,and arenotavailable,nomasks
analogougo the one-, two-, and three-dimensionalv-lift
masksasdescribedn Section4, have to beapplied.How-
ever, theoreticallytheseoperationswere executed,which
must be consideredn the next step. Since(i) the values
atthevertices areassumedo be linear interpolationsof
thevaluesatthe vertices , (ii) thevaluesat the vertices
areassumedo bebilinearinterpolationf thevaluesatthe
vertices , and(iii) thevaluesatthevertices areassumed
to betrilinear interpolationsof the valuesat the vertices ,
the valuesat the vertices , , and vanish. Therefore,
themaskde ning thenext s-lift operationwhichis anana-
logueof thefour-dimensionak-lift maskde nedin Section
4, reducego the masks-lift

Again, the analogouwersionsof the one-,two-, andthree-
dimensionals-lift masksfrom Section4 are only applied
theoretically

For the decodingstep,we startwith the s-lift operation,
i. e., we adjustthe four-dimensionak-lift maskfrom Sec-
tion 4. Having (theoretically)appliedthe one-, two-, and
three-dimensiona-lift masksfrom Section4 with vanish-
ing valuesat the vertices , , and , (i) the valuesat
thevertices arelinearinterpolationsof the valuesat the
neighborvertices , multiplied by thefactor , (ii) theval-
uesatthevertices arebilinearinterpolationf thevalues
attheneighborvertices , multiplied by thefactor , and
(iii) thevaluesatthevertices aretrilinearinterpolationsof
thevaluesat the neighborvertices , multiplied by thefac-
tor . By renamingthefactor to—, we obtainthemask
s-lift :

o p?
o a*+4aa’b+6a’a’’ +4a‘ab?

Again, the analogouwersionsof the one-,two-, andthree-
dimensionals-lift masksfrom Section4 are only applied
theoretically Sincetheseone-,two-, andthree-dimensional
decodings-lift operationsarethe inverseof the one-,two-,



and three-dimensiona¢ncodings-lift operationsthe ver
tices , ,and have their formervaluesassignedgain,
i. e., the valuesvanishat thesevertices. Hence,the mask
for the nal w-lift operationwhich is the maskanalogous
to the four-dimensionalw-lift maskde ned in Section4,
reducego the maskw-lift

All themasksareasnarrav asthey canbe.

The volume case

Whenapplyinglinear B-splinewaveletencodingto the sit-
uationdepictedin Figure4(c), we mustmake surethatwe
do not violate the assumptionsnadefor the hypenolume
case.We assumehatthe valuesatthevertices aretrilin-
earinterpolationsof the valuesat the neighborvertices .
Thus,whenthe valuesat thevertices areavailable,their
valuesshouldbe computedonly from thevaluesat the ver-
tices . Thereforewe areleft with the three-dimensional
case which is examinedin [14]. The constructionis anal-
ogousto the four-dimensionalhypenolume)case.Encod-
ing is performedby applyingthe masksw-lift ,

3, 3,24 3,92
o a+Sa’h+yab
s p3

1

, depictedas

o p?
v g8

and decoding is performed by applying the masks
s-lift , depictedas

o p?
+ a*+3aa’b+3a%ab’

andw-lift , depictedas

°oa
s p3

7777777777

The facecase

Whenapplyinglinear B-splinewaveletencodingto the sit-
uationdepictedin Figure4(d), we mustnot violate the as-
sumptionthatthevaluesatthevertices arebilinearinter-
polationsof thevaluesatthe neighborvertices . Whenthe
valuesatthevertices areavailable,theirvaluesshouldbe
computedonly from the valuesat thevertices . Thus,we
areleft with thetwo-dimensionatasewhichis alsoexam-
inedin [14]. Encodingis performedby applyingthe masks
w-lift , depictedas

ands-lift , depictedas

andthedecodings performedby applyingthe masks

s-lift , depictedas
andw-lift , depictedas
The edgecase

Whenapplyinglinear B-splinewaveletencodingto the sit-

uationshown in Figure4(e), which is topologically equiv-

alentto the situationshown in Figure4(a), we mustnot vi-

olate the assumptiorthat the valuesat the vertices are
linearinterpolationof thevaluesattheneighborvertices .

Whenthevaluesatthevertices areavailable,theirvalues
shouldbe computedonly from the valuesat the vertices .

Thus,we areleft with the one-dimensionatasejllustrated
in Section4. We canapply masks(1) and(2) to dealwith

theedgecase.

It is a signi cant advantageof our schemethatthe vol-
ume, face, and edge casescover automaticallyboundary
volumes,boundaryfaces,and boundaryedgesof the do-
main. Thus, no additionalboundarycaseexaminationis
necessary

6 Results

We haveappliedourtechniques$o numericallysimulated
hydrodynamicslata. Thedatasetusedto generatd-igure7
is theresultof athree-dimensionaime-varyingsimulation
of the RichtmyerMeshlov instability andturbulentmixing
in a shocktube experiment[18]. The simulationresultis
storedin 274 time steps,and eachtime stephasan asso-
ciated rectilineargrid. For eachvertex, an entropy
value between0 and 255 is stored. The gure shows one
sliceof therectilineargrid for two differenttime steps.Fig-
ures7(a)—(c)shav time step96 and Figures7(d)—(f) time
step184. Figures7(a) and 7(d) shav the original slices
at highestresolution( ), whereasFigures7(b), 7(c),
7(e),and7(f) shav the slicesafter downsamplingthe four-
dimensionaldatausing ~ subdvision with a downsam-
pling ratioof . (The downsamplingratio is de ned as
the original numberof verticesdivided by the numberof



verticesat the usedcoarserresolution.) For the creationof
Figures7(b) and7(e), we have appliedthe  -subduision
hierarchywithoutlinearB-splinewaveletencodingandfor
the creationof Figures7(c) and 7(f), we have appliedthe

~-subduision hierarchywith linear B-spline wavelet en-
coding.For thewaveletencodingwe have only considered
this singleslice. Sincespatialandtemporaldimensionsare
treatedequally we have effectively performedatrilinear B-
splinewaveletencoding.

Consideringhetemporaldimensionthewaveletencod-
ing leadsto an averagingover several time steps. There-
fore, onetime steprepresentshange®f severaltime steps
of theoriginaldataset.In Figure7(c), we seethatthe“bub-
ble” risingin themiddle of thesliceis alreadymoreclearly
visible thanin Figure7(b).

Consideringthe spatialdimensionsthe wavelet encod-
ing leadsto an averagingover several adjacentvertices
within eachgrid of one particulartime step. Therefore,
detailedfeaturesdo not getlost during downsampling. In
Figure7(f), we canstill seewherethe bubblesnext to the
centerbubblehave their “offspring” The ne connections
indicatingtheoffspringarevisiblein Figure7(d) but getlost
duringdownsamplingwhennot usingwavelets,seeFigure
7(e).

To quantify the improvementin approximationquality,
we have computedapproximationerrorsfor coarsefevels
of approximatiorby comparingthemto the original, high-
estresolutionlevel. Giventheoriginal four-variatefunction

, representediscretelyby samplevaluesat locations
, we have usedtheroot-mean-
squarg RMS) error

where denoteghe approximatedunction value ob-

tained by quadrilinearinterpolation applied to a hyper

cuboidin the coarserevel of resolution. In otherwords,
the value of is obtainedby performingquadrilinear
interpolationof the 16 function valuesassociatedvith the
cornersof the hypercuboidcontainingthe point

Figure8 shavstheRMS errorsof thetime-varyingthree-
dimensionakimulationof the RichtmyerMeshlov instabil-
ity for variouslevels of resolution. (We scaledthe RMS
errorsto the interval .) For all resolutions,we have
obtainedsmaller RMS errors when using linear B-spline
wavelets.Furthermorethebene tsof usinglinearB-spline
waveletsincreaseasresolutiondecrease.

For dataorganization the storageof valuescanbe (re-)
organizedas shown in Figure 9 for the two-dimensional
case.The depictedschemescalesto arbitrary dimensions.
Reoganizationleadsto spatiallocality of databelonging
to the samelevel of detail, andspatiallocality leadsto fast

dataaccess.This fact canbe usedfor progressie visual-
ization, e.g., for generatingmagesprogressiely by load-
ing datafrom slower externalmemory which is inevitable
whendealingwith large-scaledatasets.Progressie visual-
ization startsby usingthe upperleft block in theright pic-
ture,thenaddingthe upperright block, and, nally , adding
the lower block. Reorderingensureghatdatacanbe read
in acontinuousstreamwithout readingdatamultiple times.

E

RMS
5% )

without
4% wavelets
3% with
204 wavelets
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Figure 8. RMS errors for entropy in a

four-dimensional
Meshk ov instability

simulation of Richtmyer-
for different levels of

resolution, without and with linear B-spline
wavelets.
reorder reorder
progressive progressive

visualization visualization
-~ -~

Figure 9. Reordering data for progressive vi-
sualization.

The time-varying volume data usedfor the examples
shavn in Figures10 and11 representshe evolution of an
argon bubble disturbedby a shockwave. (The dataset
is courtesyof The Centerfor ComputationalSciencesand
Engineering LawrenceBerkeley National Laboratory see
http://seesalbl.gov/ccse.) The simulateddataconsistsof
450time stepsgeachonehaving anassociated

rectilineargrid. For eachvertex, a densityvalue be-
tweenO and 255 is stored. We have constructeda -
subdvision hierarchycombinedwith quadrilineaB-spline
wavelets.We have usedslicing for generatiorof Figure 10
andvolumerenderingfor the creationof Figure11.

In Figure10,weshava  -subdision hierarchygen-
eratedin combinationwith quadrilineaB-splinewavelets,
at threelevels of downsampling. Figure 10 shaws a slice
throughthe volumefor time step196. Sincethis dataset
is not very large in spatialdimensionsdownsamplingby
a factor of two in every spatial dimensioncan be suf-
cient, whereasfurther dovnsamplingin the temporaldi-
mensiormaybedesired.Thefactthatourfour-dimensional
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Figure 7. Entropy of atime-v arying simulation of Richtmyer-Meshkov instability , visualiz ed by a slice

for two time steps of the original data, shown in (a) and (d), after
without linear B-spline encoding, shown in (b) and (e), and after

linear B-spline encoding, shown in (c) and (f).

wavelet schemeis decomposednto a four-, three-, two-,
and one-dimensionastepallows us to integratelinear B-
spline wavelet schemesf ary dimensioninto one frame-
work. For example, having downsampledthe datasetin
fourdimensionsviththe  -subdvisionschemeombined
with quadrilinearB-spline wavelets, we can continueto
downsampleonly in the temporaldimensionby usingone-
dimensionadownsamplingcombinedwith linear B-spline
wavelets.

ConsideringFigure 11(b), we have performeda -
subdvision downsamplingcombinedwith quadrilinearB-
splinewaveletsdownto alevel of detailwith downsampling
ratio , followedby one-dimensionatlovnsamplingsteps
with linear B-splinewaveletsdown to alevel of detail with
(total) downsamplingratio . Onecancomparethis result
to the oneobtainedwhendownsamplingwithout wavelets,
seeFigure11(a). Both picturesarethe resultsof applying
volumerenderingo time step192. Figurel1(a)only shavs
datafrom time step192,wheread~igure11(b) containsin-
formation of a shortsequencef time stepscloseto time
step192,includingall possiblysigni cant changes.

er  -subdivision downsampling
-subdivision downsampling with

7 Conclusions

We have introduced  subdiision combined with
guadrilinear B-spline wavelets for time-varying volume
datarepresentationThe approachprovidesa multiresolu-
tion hierarchyfor four-dimensionatlatasets wheretime is
the fourth dimension.Temporalandspatialdimensionsare
treatedequallyin oneframework.

The multiresolutiondataorganizationbasedonthe -
subdvision schemeprovides ne granularityby only dou-
bling the overall numberof datapointsin eachsubdvision
step.In contrasta generalizatiorof anoctreere nementto
four dimensionsncreasesheoverallnumberof datapoints
by afactorof in eachre nementstep.

By integratingawaveletschemaento the subdvisionap-
proach,we obtain,in general muchbetterapproximations
on eachlevel of detail. We have developeda lifting scheme
for quadrilinearB-splinewavelets. Thelifting schemeuses
narrav masks. This fact makesit possibleto utilize the
wavelet schemefor view-dependentadaptve multiresolu-
tion visualizationandfacilitatesout-of-coredataexplora-



(@)

(b)

Figure 11. Density of a time-varying simulation of an interaction of a shock with an argon bubble, vi-

sualiz ed by volume rendering time step 192. Combined
without (a) and with (b) linear B-spline wavelets.

and one dimension with downsampling ratio

(@)

(b)

(©

Figure 10. Density of a time-varying simula-
tion of an interaction of a shock with an ar-
gon bubble, visualiz ed by slicing the volume
data for time step 196. Shown are levels of
the  -subdivision hierarchy with quadrilin-
ear B-spline wavelet encoding for downsam-
pling ratios (@, (b),and (c).

tion techniques.

The waveletencodingreoiganizesdatasuchthat spatial
locality of databelongingto the samelevel of detailis pro-
vided,which speedsip dataaccessNo additionalmemory
is required. The  -subdiision schemealso doesnot re-
quireusto storeadditionalconnectity information.

Sincethemasksof ourlifting schemeareof constansize

~-subdivision hierar chy in four dimensions

andthe numberof stepsfor our lifting schemes constant,
our algorithmsrun in linear time with respecto the num-

ber of original data. Sincethe masksarenarronv andlinear
B-splinewaveletoperationsare decomposeéhto only two

steps,run time constantsare small. We have appliedour

approacho large-scald¢ime-varyingdatasetsby usingout-

of-core techniquesand combinedour approachwith vari-

ousvisualizationmethods. Consideringthe shovn exam-
plesandthe computedapproximationerrors,we conclude
that our approachprovidesa valuabletool for hierarchical
representatioof time-varyingvolumedata.
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