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Abstract

Multiresolutionmethodsfor representingdata at multi-
ple levelsof detail arewidelyusedfor large-scaletwo- and
three-dimensionaldatasets.Wepresenta four-dimensional
multiresolution approach for time-varying volume data.
This approach supportsa hierarchy with spatial and tem-
poral scalability.

Thehierarchical dataorganizationis basedon �

	 


sub-
division. The �

	 


-subdivisionschemeonly doublesthe
overall numberof grid pointsin each subdivisionstep.This
fact leadsto �ne granularity and high adaptivity, which is
especiallydesirablein thespatialdimensions.

For high-qualitydataapproximationoneach levelof de-
tail, we usequadrilinear B-splinewavelets.We presenta
linear B-splinewaveletlifting schemebasedon �

	 


subdi-
vision to obtain narrow masksfor the updaterules. Nar-
row masksprovidea basisfor out-of-core dataexploration
techniquesand view-dependentvisualizationof sequences
of timesteps.

1 Intr oduction

Due to the improvementsin the performanceof com-
puting power and storagecapacityachieved over the last
decade,today'sdata-intensivescienti�c applicationsareca-
pableof quickly generatingand storing hugeamountsof
data. Downsamplingcan be usedto reducethe datato a
manageableamount. The reduceddatacan be examined
by scientiststo spotregionsof interest,for which morede-
tailedexaminationscanbeperformed.Today, visualization
applicationshave to dealwith large-scaledatain thespatial
aswell astemporaldimensionsandtheir representationat
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multiple levelsof detail.
Multiresolutionmethodsfor representingdataat multi-

ple levelsof detailarewidely usedfor large-scaletwo- and
three-dimensionaldatasets.Furthermore,for time-varying
datasetstechniqueshave beendevelopedthatmake useof
temporalcoherenceof, for example,numericallysimulated
data. We presenta four-dimensionalmultiresolutionap-
proach,wheretime is treatedasfourth dimension.We deal
with large scalesin spatialand temporaldimensionsin a
singlehierarchicalframework.

For large-scalevolume representation,one shoulduse
regular ratherthan irregular dataformats,sincegrid con-
nectivity shouldbe implicit anddatashouldbe easilyand
quickly accessible.To overcomeregular datastructures'
disadvantageof coarsegranularity, we have developeda

�

	 


-subdivision scheme[14]. Every �

	 


-subdivision step
only doublesthe numberof vertices,which is a factorof

�

	 


in eachof the � dimensions.We brie�y review the
�

	 


-
subdivisionschemefor ���




in Section3 andgeneralizeit
to thefour-dimensionalcase.

Another sacri�ce whenusing regular datastructuresis
that downsamplingis donebasedpurely on grid structure
andwithout consideringdatavalues.Therefore,somesci-
enti�cally interestingdetailsin a datasetcanget lost and
beoverseenfor furtherexaminations.To avoid this,we use
a linearB-splinewavelet scheme:Thedatavalueat a ver-
tex � is updatedwhenchangingthelevel of detail,i. e., the
valuevarieswith varyinglevel of detail. On a coarselevel,
thevaluerepresentsthevalueat � itself aswell asanaver-
agevalueof acertainregionaround� . Thisapproachleads
to betterapproximationsoncoarserlevels.

QuadrilinearB-splinewaveletshavethepropertythatthe
computationof the wavelet coef�cient at a vertex � is not
onlybasedontheneighborsof � butalsoonverticesthatare
fartheraway in thespatialandtemporaldimensions.Thus,
when using out-of-coretechniquesto operateon or visu-



alize large-scaledata,substantialamountsof datamustbe
loadedfrom externalmemory, with low I/O-performance.
Lifting schemeswith narrow �lters canbeusedto overcome
thisproblem.In Section4,wedescribetheone-dimensional
lifting schemefrom [4] andgeneralizeit to four dimensions
basedon a hypercubere�nement approach.In Section5,
we adjustthe quadrilinearB-splinewavelet lifting scheme
to �

	 


subdivision. We provideresultsin Section6.

2 Relatedwork

For time-varying volume representation,sophisticated
approachesmake useof thedata's temporalcoherenceand
focuson thedetectionof spatial/structuralchangesandup-
date in time [1, 27, 29, 31]. Theseapproachesconsider
scalingin time but not in space.An approachdealingwith
large-scaledatain timeandspacewasdescribedby Shenet
al. [28]. Their approachcombinesan octreewith a binary
treeto a Time-SpacePartition (TSP)tree,wheretheoctree
is usedfor the spatialandthe binary treefor the temporal
hierarchy. We treattime asarealfourthdimension.

Octreesarea commondatastructureusedfor multires-
olution volumerepresentation[15, 19, 23, 26, 37]. Com-
paredto irregulardatastructures,asdiscussedin [5, 8, 9],
regularstructureslike octreeshave theadvantagethat grid
connectivity is implicit anddatais easilyandquickly ac-
cessed.However, the re�nementstepshave to conformto
the topologicalconstraints,which canmake regular struc-
tureslessadaptive. To overcomethis disadvantage,we de-
velopedthe

�

	 


-subdivision scheme,a regulardataorgani-
zationsupporting�ner granularity[14]. For example,an
octreere�nementstepdoublesthenumberof verticesin ev-
ery dimension,which leadsto a growth factorof eight; a

�

	 


-subdivisionsteponly doublestheoverallnumberof ver-
tices. Therefore,

�

	 


subdivision, in general,requiresless
verticesthanoctreesto satisfyspeci�ed approximationor
imagequality errorbounds.Since�ner granularityleadsto
higheradaptivity, this fact still holdswhenusingadaptive
re�nementtechniques.

Consideringtime-varying volumevisualization,isosur-
faceextraction[10, 27, 31] andvolumerendering[1, 29] of
single time stepsare common,anddistributedcomputing
canbeusedto speedit up [16, 20]. A comparisonof differ-
ent visualizationtechniquesis provided in [33]. However,
for large-scaledata,the visualizationtechniquescanonly
operatein real time after downsamplingthe data. There-
fore,large-scaletime-varyingvolumevisualizationrequires
usto utilize multiresolutionrepresentationswith scalability
in timeandspace.Sucharepresentationis discussedin this
paper.

The splitting stepof the �

	 


-subdivision schemegoes
backto CohenandDaubechies[6] for � �




andMaubach
[17] for arbitrary � . It canbedescribedby usingtriangular

or quadrilateralmeshes( � �




), or their generalizations
for higherdimensions.For tetrahedralmeshesthesplitting
stepof the

�

	




-subdivisionschemeis equivalentto longest-
edgebisection[7, 22, 38]. In thefollowing,weconsiderthe
quadrilateralcaseand its generalization,e.g., cuboidsfor

� �

�

andhypercuboidsfor � ��� . Figure1 depictstwo
differentillustrationsof ahypercube.Figure1(a)showsthe
symmetryin all four dimensions.We usetheillustrationin
Figure1(b) that “stretches”the hypercubein the temporal
dimension.
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Figure 1. Illustrations of a hypercube .

Velho and Zorin [35] introduced
	




-subdivision sur-
faces( � �




) by adding an averagingstep to the
	 


-
subdivision splitting step. They showed that the produced
surfacesare F

�

-continuousat regularand FHG -continuousat
extraordinaryvertices. (For an introductionto subdivision
methods,wereferto [36].)

Whendownsamplingtime-varyingvolumedatain areg-
ularfashion,asit is doneby �

	 


-subdivisionandthemethod
of Shenet al. [28], datais not groupeddueto changesin
time or space.Thus,on coarselevels,someimportantde-
tails may be missing. We overcomethis problemby us-
ing wavelets.Waveletschemesprovideameansto generate
bestapproximationsin a multiresolutionhierarchy. Stoll-
nitz et al. [30] describedhow to generatewaveletsfor sub-
division schemes.However,

�

	



-subdivision waveletscan
leadto over- andundershoots,which aredisturbingduring
visualization,e.g., when extracting isosurfacesfrom dif-
ferent levels of approximation. They can causechanges
of isosurfacetopologywhenchangingthe level of resolu-
tion. Wewouldliketo preserveisosurfacetopologyasmuch
aspossiblewhenchangingbetweenapproximationlevels.
Therefore,wegeneratelinearB-splinewaveletsfor the �

	 


-
subdivisionscheme.LinearB-splinewaveletsareknown to
producehigh-quality approximationsand they have inter-
polatingscalingfunctions,which guaranteesinterpolating
re�nement �lters, see[12], i. e., no over- andundershoots
canappear. (For anintroductionto B-splinetechniques,we
referto [24].)

Thecomputationof waveletcoef�cients at a certainver-
tex for waveletswith goodapproximationquality, e.g., for
linearB-splinewavelets,is not limited to only adjacentver-
tices.Localization,however, is stronglydesirablewhenwe
wantto applya waveletschemeto adaptive re�nementand



to out-of-corevisualizationtechniques.Lifting schemesas
introducedby Sweldens[32] decomposewaveletcomputa-
tions into several steps,but they assertnarrow �lters, see
Figure 6. Bertramet al. [3, 4] de�ned a lifting scheme
for one- and two-dimensionalB-spline wavelets using a
quadtreeorganizationof thevertices.

Wavelets for general dilation matrices go back to
Riemenschneiderand Shen [25] who used a box-spline
approachfor their construction. Kova�cević and Vetterli
[13] and, more recently, Uytterhoeven [34], Kova�cević
and Sweldens[12], and Linsen et al. [14] developedlift-
ing schemesthat can be applied to �

	 


-subdivision data
structures.Uytterhoeven's method[34] addressesthe two-
dimensionalcase,Kova�cević andSweldens'approach[12]
aswell asLinsenet al.'s technique[14] dealwith the two-
and three-dimensionalcases.The �lters usedin [12] that
producegoodapproximationsarenotnarrow enoughfor our
purposes.On theotherhand,theupdaterule for thenarrow
�lters in [12] is theidentity, whichdoesleadto high-quality
approximations.

Anothermain differencebetweenthe non-separable�l-
tersusedin [34] and [12] and the approachin [14] is the
updaterule. Following theapproachfrom [14], we update
the verticesin, for example,a

�

	 


-subdivision schemeby
applying�rst thethree-,thenthetwo-, and�nally theone-
dimensionalupdaterules. This approachautomaticallyin-
cludesthe boundarycases,which are not suf�ciently ad-
dressedin [34] and[12]. Moreover, in this paperwe show
how our lifting schemecanbe generalizedto four dimen-
sions.

3 The �

� �

-subdivision scheme

We �rst describethecase� �




. For a
	 


-subdivision
stepof a quadrilateral� , we computeits centroid � and
connect � to all four verticesof � . The “old” edgesof
the meshare removed (except for the edgesdetermining
themesh/domainboundary).Figure2 illustratesfour

	



-
subdivisionsteps.

c
Q

Figure 2. Illustration of
	




subdivision.

The maskusedfor thecomputationof the centroid � is
givenin Figure3(a).Figure3(b) shows themaskof theav-
eragingstepaccordingto [35]. A

	




-subdivision stepis
executedby �rst applyingthe maskshown in Figure3(a),
which insertsthenew vertices,andthen(afterthetopologi-
calmeshmodi�cations)applyingthemaskshown in Figure
3(b),whichadjuststheold vertices.
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Figure 3. Masks of
	 


­subdivision step: (a)
inser ting centr oid; (b) adjusting old ver tices.

This subdivision schemefor quadrilateralsis analogous
to the

	

�

-subdivisionschemeof Kobbelt[11] for triangles.
Therefore,wecall it

	 


subdivision.
Wenow generalizethesubdivisionschemeto

�

	



subdi-
vision for arbitrarydimension� . Thesplitting stepis exe-
cutedby insertingthecentroidandadjustingvertex connec-
tivity. Theaveragingstepappliesto every old vertex � the
updaterule

� �����
	��
�����������

where� is thecentroidof theadjacentnew vertices.
The literaturecurrentlyprovidesno analysisof averag-

ing stepsfor dimensionslarger thantwo. Thus,at present,
we cannotprovidea solutionfor the“optimal choice”of �

usedin theupdaterule. (Someinvestigationsweremadein
[21].) However, whenusingthe

�

	



-subdivisionschemefor
large-scaletime-varyingvolumedata,wedealwith rectilin-
eargridswith all hypercuboidshaving thesamesize.Thus,
the updaterule doesnot affect the positionof the vertices
regardlessof thespeci�c � value,but it only affectsthede-
pendentfunctionvaluesat thevertices.In [14], we showed
thatthe

	



-subdivisionwaveletsarenotappropriatefor our
purposes.Thus,we replacethemby B-splinewaveletsand
donotneedto chooseavaluefor � .

In Figure 4, four
�

	




-subdivision stepsare shown. In
eachstep, the centroidsof the polyhedralshapesare in-
serted,and the connectivity is adjusted. In Figure 4, we
only show the spatialconnectivities within the time steps
anddonotshow theconnectivity informationbetweentime
steps.

The four subdivision stepscanbe describedin the fol-
lowing way: Figure 4(a) shows the initial hypercuboid,
whichconsistsof two cuboidsat two time steps,say �

G

and
�
� . Thetwo cuboidsareconnectedaccordingto Figure1(b).
The �rst subdivision stepinsertsthecentroidof thehyper-
cuboid,shown in Figure4(b), which canbe interpretedas
thecentroidof acuboidattimestep��� ������� �

�

�

. Thesecond
subdivision stepinsertsthe centroidsof the eight cuboids
within theoriginal hypercuboid,shown in Figure4(c). The
third step inserts the centersof the facesof theseeight
cuboidsor of theoriginal hypercuboid,respectively, shown
in Figure4(d). Finally, thefourthstepinsertsthemidpoints
of the edgesof the eight cuboidsor of the original hyper-



(a)

t t t1 2 3

(b)

(c)

(d)

(e)

����

��

��

�	


�

�


��

��

��

��

��

��

��

����

 ! "#

$%

&'

()

*+

,-

./ 01

23 45

67

89

:;

<= >?

Figure 4. Steps of �

	 


subdivision.

cuboid,respectively, shown in Figure4(e). Thegeometric
structureshown in Figure4(e)consistsof 16hypercuboids.
Thus,it is topologicallyequivalentto theoneshown in Fig-
ure4(a).Four

�

	




-subdivisionstepsproducethesameresult
asone“hexadectree”re�nementstep,wherea hexadectree
is the generalizationof an octreeto four dimension,i. e.,
nodesof hexadectreesrepresenthypercuboids.Fine gran-
ularity canthereforebe supportedfor multiresolutiondata
visualizationpurposesby usinga �

	 


-subdivisionapproach.

4 The Linear B-splinewavelet lifting scheme

We brie�y review the one-dimensionallifting scheme
discussedin [3] and generalizeit to the four-dimensional
case.We adjustthe four-dimensionallifting schemeto be
suitablefor �

	 


subdivision.
The one-dimensionalB-spline wavelet lifting scheme

usestwo operationsthat arede�ned by the following two
masks,calleds-lift andw-lift:

s-lift �A@ �

B

� : C
@

B

@ D
� (1)

w-lift �A@ �

B

� : C
@

B

@EDGF (2)

Thes-lift maskis appliedto theold verticesH andtheirnew
neighborsI , whereasthew-lift maskis appliedto thenew
verticesI andtheir neighborsH , seeFigure5(a). For a de-
tailedderivationof thelifting schemethatweuse,aswell as
for its analysis(smoothness,stability, approximationorder,
andzeromoments),wereferto [2].
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Figure 5. Re�nement step for one­ and four ­
dimensional meshes.

Using the s-lift and w-lift masks, a linear B-spline
waveletencodingstepis de�ned by sequentiallyexecuting
thetwo operations

w-lift �
�

G

�

� � � and
s-lift �

G

�

� � �
F

A linear B-splinewavelet decodingstepis de�ned by se-
quentiallyexecutingthetwo operations

s-lift �
�

G

�

� � � and
w-lift �

G

�

� � �
F

Figure 6 illustrates the one-dimensionallinear B-spline
waveletlifting scheme.

w-lift

-0.5

wavelet
coeff.

leveln-s-lift s-lift

w-lift

-0.250.25

11

1 1

decoding

0.5nlevel leveln

1

encoding

Figure 6. One­dimensional linear B­spline
wavelet lifting scheme .

When applying four-dimensionalB-spline wavelets to
a hexadectree-organizedsetof vertices,four kinds of new
verticesareobtainedwhenexecutinga re�nementstep:the
new verticesinsertedat the midpointsof old edgesI , the
new verticesinsertedat thecentersof old facesŠ , thenew
verticesinsertedat thecentroidsof old cuboids ‹ , andthe
new verticesinsertedat the centroidsof old hypercuboids

Œ , seeFigure5(b). Therefore,we mustapplyfour different
masks. For three-and four-dimensionalmasks,we show
thestructuresof themasksandseparatelyde�ne thevalues
for thedifferentkindsof vertices.We derive theneeded� -
dimensionalmasksby convolution of theone-dimensional
masksin thevariouscoordinatedirections.The s-lift �A@ �

B

�

masksarede�ned by this depiction:
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5 A lifting schemefor i

� �

subdivision

Recallingthestepsof a �

	 


-subdivision scheme,which
aredepictedin Figure4, aftertheexecutionof thedifferent
stepsdifferentcon�gurationsarise. Therefore,we have to
distinguishbetweenthe differentsteps.The following de-
scriptionstartswith thesituationshown in Figure4(b) (hy-
pervolumecase), proceedswith thesituationshown in Fig-
ure4(c) (volumecase), continueswith thesituationshown
in Figure 4(d) (face case), and �nally treatsthe situation
shown in Figure 4(e) (edge case), which is topologically
equivalentto thesituationshown in Figure4(a).

The hypervolumecase
In the hypervolume case, we perform linear B-spline
waveletencodingaccordingto thesituationshown in Figure
4(b). Due to the lifting schemediscussedin Section4, we
muststartwith a w-lift operation.Therefore,we applyfour
maskssimilar to thefour w-lift masksin Section4, subject
to theconstraintthatno valuesareavailableat thevertices

I , Š , and ‹ .
Regardingthe structuresof the four-dimensionalw-lift

masksdescribedin Section4, we assume(i) that thevalue
at a vertex I is de�ned by linear interpolationof the val-
uesat thetwo verticesH (with which thevertex I sharesan
edge);(ii) thatthevalueat a vertex Š is de�ned by bilinear

interpolationof thevaluesat thefour verticesH (with which
thevertex Š sharesa face);and(iii) that thevalueat a ver-
tex ‹ is de�nedby trilinear interpolationof thevaluesat the
eightverticesH (with which thevertex ‹ sharesa cuboid).
Sincewe areusinglinearB-splinewavelets,linearinterpo-
lation is appropriate.Consequently, oneobtainsthe mask
w-lift jlknmloqprj �A@ �

B

� :

4

b4

a + aba b+3 2 2a b + 3_
2
3 _1

22

SincetheverticesI , Š , and ‹ arenotavailable,nomasks
analogousto the one-, two-, and three-dimensionalw-lift
masks,asdescribedin Section4, have to beapplied.How-
ever, theoreticallytheseoperationswere executed,which
must be consideredin the next step. Since(i) the values
at the vertices I areassumedto be linear interpolationsof
thevaluesat theverticesH , (ii) thevaluesat thevertices Š

areassumedto bebilinearinterpolationsof thevaluesat the
verticesH , and(iii) thevaluesat thevertices‹ areassumed
to be trilinear interpolationsof thevaluesat theverticesH ,
the valuesat the vertices I , Š , and ‹ vanish. Therefore,
themaskde�ning thenext s-lift operation,which is anana-
logueof thefour-dimensionals-lift maskde�ned in Section
4, reducesto themasks-lift j�knmlosprj

� @ �

B

� :

b4

a4

Again, theanalogousversionsof theone-,two-, andthree-
dimensionals-lift masksfrom Section4 are only applied
theoretically.

For thedecodingstep,we startwith thes-lift operation,
i. e., we adjustthe four-dimensionals-lift maskfrom Sec-
tion 4. Having (theoretically)appliedthe one-, two-, and
three-dimensionals-lift masksfrom Section4 with vanish-
ing valuesat the vertices I , Š , and ‹ , (i) the valuesat
thevertices ‹ arelinear interpolationsof the valuesat the
neighborverticesŒ , multipliedby thefactor




@ , (ii) theval-
uesat theverticesŠ arebilinearinterpolationsof thevalues
at theneighborverticesŒ , multiplied by thefactor � @

� , and
(iii) thevaluesat theverticesI aretrilinear interpolationsof
thevaluesat theneighborverticesŒ , multiplied by thefac-
tor t @

� . By renamingthefactor @ to @ , we obtainthemask
s-lift prj�mloqprj

�A@ �

B

� :

a +4 aa b+3 2a a b +2 2 3a ab3
b4

4
_

6
_ _

4

Again, theanalogousversionsof theone-,two-, andthree-
dimensionals-lift masksfrom Section4 are only applied
theoretically. Sincetheseone-,two-, andthree-dimensional
decodings-lift operationsarethe inverseof theone-,two-,



and three-dimensionalencodings-lift operations,the ver-
tices I , Š , and ‹ have their former valuesassignedagain,
i. e., the valuesvanishat thesevertices. Hence,the mask
for the �nal w-lift operation,which is themaskanalogous
to the four-dimensionalw-lift maskde�ned in Section4,
reducesto themaskw-lift jlknmloqprj �A@ �

B

� :

4

b4

a

All themasksareasnarrow asthey canbe.

The volumecase
WhenapplyinglinearB-splinewaveletencodingto thesit-
uationdepictedin Figure4(c), we mustmake surethatwe
do not violate the assumptionsmadefor the hypervolume
case.We assumethatthevaluesat thevertices‹ aretrilin-
ear interpolationsof the valuesat the neighborvertices H .
Thus,whenthevaluesat thevertices Š areavailable,their
valuesshouldbecomputedonly from thevaluesat thever-
tices H . Therefore,we are left with the three-dimensional
case,which is examinedin [14]. Theconstructionis anal-
ogousto thefour-dimensional(hypervolume)case.Encod-
ing is performedby applyingthe masksw-lift jlknmloqprj �A@ �

B

� ,
depictedas

b3

_3
2

_
4
3a +3 2 2a b+ ab

,
ands-lift jlknmloqprj

�A@ �

B

� , depictedas

b3

a3

,
and decoding is performed by applying the masks
s-lift prj�mloqprj

�A@ �

B

� , depictedas

b3

a +  3 2 2 23 3
__

aa b+ a ab
,

andw-lift prj�mlosprj
� @ �

B

� , depictedas

b3

a3

.

The facecase
WhenapplyinglinearB-splinewaveletencodingto thesit-
uationdepictedin Figure4(d), we mustnot violate theas-
sumptionthatthevaluesat theverticesŠ arebilinearinter-
polationsof thevaluesat theneighborverticesH . Whenthe
valuesat theverticesŠ areavailable,theirvaluesshouldbe
computedonly from thevaluesat thevertices H . Thus,we
areleft with thetwo-dimensionalcase,which is alsoexam-
inedin [14]. Encodingis performedby applyingthemasks
w-lift j�knmlosprj

� @ �

B

� , depictedas

�� � �

�

��� � �

�

���

� �

� �

�

��� � �

�

���

	


�

ands-lift j�knmlosprj � @ �

B

� , depictedas
�� ��� ���

���

��� ���

	


�

andthedecodingis performedby applyingthemasks
s-lift prj�mloqprj �A@ �

B

� , depictedas
�� ���

���

����� ���

���

�����

� �

� �

���

����� � �

���

�����

	


�

andw-lift prj�mloqprj �A@ �

B

� , depictedas
�� � � � �

���

� � � �

	





The edgecase
WhenapplyinglinearB-splinewaveletencodingto thesit-
uationshown in Figure4(e),which is topologicallyequiv-
alentto thesituationshown in Figure4(a),we mustnot vi-
olate the assumptionthat the valuesat the vertices I are
linearinterpolationsof thevaluesat theneighborverticesH .
Whenthevaluesat theverticesI areavailable,their values
shouldbecomputedonly from thevaluesat theverticesH .
Thus,we areleft with theone-dimensionalcase,illustrated
in Section4. We canapplymasks(1) and(2) to dealwith
theedgecase.

It is a signi�cant advantageof our schemethat the vol-
ume, face, and edgecasescover automaticallyboundary
volumes,boundaryfaces,and boundaryedgesof the do-
main. Thus, no additionalboundarycaseexaminationis
necessary.

6 Results

Wehaveappliedourtechniquesto numericallysimulated
hydrodynamicsdata.Thedatasetusedto generateFigure7
is theresultof a three-dimensionaltime-varyingsimulation
of theRichtmyer-Meshkov instabilityandturbulentmixing
in a shocktubeexperiment[18]. The simulationresult is
storedin 274 time steps,andeachtime stephasan asso-
ciated


��

� t

� rectilineargrid. For eachvertex, an entropy
valuebetween0 and255 is stored. The �gure shows one
sliceof therectilineargrid for two differenttimesteps.Fig-
ures7(a)–(c)show time step96 andFigures7(d)–(f) time
step184. Figures7(a) and 7(d) show the original slices
at highestresolution(


��

� t

� ), whereasFigures7(b), 7(c),
7(e),and7(f) show theslicesafterdownsamplingthefour-
dimensionaldatausing �

	 


subdivision with a downsam-
pling ratio of




G

� . (The downsamplingratio is de�ned as
the original numberof verticesdivided by the numberof



verticesat theusedcoarserresolution.)For thecreationof
Figures7(b) and7(e),we have appliedthe �

	 


-subdivision
hierarchywithout linearB-splinewaveletencoding,andfor
the creationof Figures7(c) and7(f), we have appliedthe

�

	



-subdivision hierarchywith linear B-splinewavelet en-
coding.For thewaveletencoding,wehaveonly considered
this singleslice. Sincespatialandtemporaldimensionsare
treatedequally, wehaveeffectively performedatrilinearB-
splinewaveletencoding.

Consideringthetemporaldimension,thewaveletencod-
ing leadsto an averagingover several time steps. There-
fore,onetime steprepresentschangesof severaltime steps
of theoriginaldataset.In Figure7(c),weseethatthe“bub-
ble” rising in themiddleof thesliceis alreadymoreclearly
visible thanin Figure7(b).

Consideringthe spatialdimensions,the wavelet encod-
ing leads to an averagingover several adjacentvertices
within eachgrid of one particular time step. Therefore,
detailedfeaturesdo not get lost during downsampling. In
Figure7(f), we canstill seewherethe bubblesnext to the
centerbubblehave their “offspring.” The �ne connections
indicatingtheoffspringarevisiblein Figure7(d)butgetlost
duringdownsamplingwhennot usingwavelets,seeFigure
7(e).

To quantify the improvementin approximationquality,
we have computedapproximationerrorsfor coarserlevels
of approximationby comparingthemto theoriginal, high-
estresolutionlevel. Giventheoriginal four-variatefunction

�

, representeddiscretelyby samplevaluesat locations��� ,
�����

� � �
	��

�

� � �

��

�

� � �
���

�

� � �

�

� , wehaveusedtheroot-mean-
square(RMS)error
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�
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where �����
� � denotesthe approximatedfunction valueob-
tained by quadrilinear interpolation applied to a hyper-
cuboid in the coarserlevel of resolution. In other words,
the valueof ���!�

�
� is obtainedby performingquadrilinear

interpolationof the 16 function valuesassociatedwith the
cornersof thehypercuboidcontainingthepoint �

� .
Figure8showstheRMSerrorsof thetime-varyingthree-

dimensionalsimulationof theRichtmyer-Meshkov instabil-
ity for variouslevels of resolution. (We scaledthe RMS
errorsto the interval

�

�

� �"� .) For all resolutions,we have
obtainedsmallerRMS errorswhen using linear B-spline
wavelets.Furthermore,thebene�tsof usinglinearB-spline
waveletsincreaseasresolutionsdecrease.

For dataorganization,thestorageof valuescanbe(re-)
organizedas shown in Figure 9 for the two-dimensional
case.The depictedschemescalesto arbitrarydimensions.
Reorganizationleadsto spatial locality of databelonging
to thesamelevel of detail,andspatiallocality leadsto fast

dataaccess.This fact canbe usedfor progressive visual-
ization,e.g., for generatingimagesprogressively by load-
ing datafrom slower externalmemory, which is inevitable
whendealingwith large-scaledatasets.Progressivevisual-
izationstartsby usingtheupperleft block in theright pic-
ture,thenaddingtheupperright block,and,�nally , adding
the lower block. Reorderingensuresthat datacanbe read
in acontinuousstreamwithout readingdatamultiple times.

downsampling
ratio

with
wavelets

wavelets
without

2 2 2 20 4 8 120%

1%

2%

3%

4%

5%

RMSE

Figure 8. RMS errors for entr opy in a
four ­dimensional sim ulation of Richtm yer­
Meshk ov instability for diff erent levels of
resolution, without and with linear B­spline
wavelets.

reorder reorder

progressive
visualization

progressive
visualization

Figure 9. Reordering data for progressive vi­
sualization.

The time-varying volume data usedfor the examples
shown in Figures10 and11 representstheevolution of an
argon bubble disturbedby a shock wave. (The data set
is courtesyof The Centerfor ComputationalSciencesand
Engineering,LawrenceBerkeley NationalLaboratory, see
http://seesar.lbl.gov/ccse.) The simulateddataconsistsof
450timesteps,eachonehaving anassociated# �

�%$ 
'&

#

$


'&

# rectilineargrid. For eachvertex, a densityvalue be-
tween0 and 255 is stored. We have constructeda

�

	 


-
subdivision hierarchycombinedwith quadrilinearB-spline
wavelets.We have usedslicing for generationof Figure10
andvolumerenderingfor thecreationof Figure11.

In Figure10,we show a �

	 


-subdivisionhierarchy, gen-
eratedin combinationwith quadrilinearB-splinewavelets,
at threelevels of downsampling. Figure10 shows a slice
throughthe volumefor time step196. Sincethis dataset
is not very large in spatialdimensions,downsamplingby
a factor of two in every spatial dimensioncan be suf�-
cient, whereasfurther downsamplingin the temporaldi-
mensionmaybedesired.Thefactthatourfour-dimensional
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G
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(a) (d)

(b) (e)

(c) (f)

Figure 7. Entr opy of a time­v arying sim ulation of Richtm yer­Meshk ov instability , visualiz ed by a slice
for two time steps of the original data, sho wn in (a) and (d), after

�

	



­subdivision downsampling
without linear B­spline encoding, sho wn in (b) and (e), and after �

	



­subdivision downsampling with
linear B­spline encoding, sho wn in (c) and (f).

wavelet schemeis decomposedinto a four-, three-,two-,
andone-dimensionalstepallows us to integratelinear B-
splinewavelet schemesof any dimensioninto one frame-
work. For example,having downsampledthe dataset in
four dimensionswith the �

	 


-subdivisionschemecombined
with quadrilinearB-spline wavelets, we can continueto
downsampleonly in thetemporaldimensionby usingone-
dimensionaldownsamplingcombinedwith linear B-spline
wavelets.

ConsideringFigure 11(b), we have performeda �

	



-
subdivision downsamplingcombinedwith quadrilinearB-
splinewaveletsdownto alevelof detailwith downsampling
ratio




�

, followedby one-dimensionaldownsamplingsteps
with linearB-splinewaveletsdown to a level of detailwith
(total) downsamplingratio


��

. Onecancomparethis result
to theoneobtainedwhendownsamplingwithout wavelets,
seeFigure11(a). Both picturesarethe resultsof applying
volumerenderingto timestep192.Figure11(a)only shows
datafrom time step192,whereasFigure11(b)containsin-
formationof a short sequenceof time stepscloseto time
step192,includingall possiblysigni�cant changes.

7 Conclusions

We have introduced �

	 


subdivision combined with
quadrilinear B-spline wavelets for time-varying volume
datarepresentation.The approachprovidesa multiresolu-
tion hierarchyfor four-dimensionaldatasets,wheretime is
thefourth dimension.Temporalandspatialdimensionsare
treatedequallyin oneframework.

Themultiresolutiondataorganizationbasedon the �

	 


-
subdivision schemeprovides�ne granularityby only dou-
bling theoverall numberof datapointsin eachsubdivision
step.In contrast,ageneralizationof anoctreere�nementto
four dimensionsincreasestheoverallnumberof datapoints
by a factorof � # in eachre�nementstep.

By integratingawaveletschemeinto thesubdivisionap-
proach,we obtain,in general,muchbetterapproximations
oneachlevel of detail.We havedevelopeda lifting scheme
for quadrilinearB-splinewavelets.Thelifting schemeuses
narrow masks. This fact makes it possibleto utilize the
wavelet schemefor view-dependent,adaptive multiresolu-
tion visualizationandfacilitatesout-of-coredataexplora-



(a) (b)

Figure 11. Density of a time­v arying sim ulation of an interaction of a shoc k with an argon bubb le, vi­
sualiz ed by volume rendering time step 192. Combined

�

	




­subdivision hierar chy in four dimensions
and one dimension with downsampling ratio


 �

without (a) and with (b) linear B­spline wavelets.

(a)

(b)

(c)

Figure 10. Density of a time­v arying sim ula­
tion of an interaction of a shoc k with an ar­
gon bubb le, visualiz ed by slicing the volume
data for time step 196. Shown are levels of
the

�

	



­subdivision hierar chy with quadrilin­
ear B­spline wavelet encoding for downsam­
pling ratios




�

(a),



�

(b), and



�

(c).

tion techniques.
Thewaveletencodingreorganizesdatasuchthatspatial

locality of databelongingto thesamelevel of detail is pro-
vided,whichspeedsupdataaccess.No additionalmemory
is required. The �

	 


-subdivision schemealsodoesnot re-
quireusto storeadditionalconnectivity information.

Sincethemasksof ourlifting schemeareof constantsize

andthenumberof stepsfor our lifting schemeis constant,
our algorithmsrun in linear time with respectto the num-
berof original data.Sincethemasksarenarrow andlinear
B-splinewaveletoperationsaredecomposedinto only two
steps,run time constantsaresmall. We have appliedour
approachto large-scaletime-varyingdatasetsby usingout-
of-core techniquesandcombinedour approachwith vari-
ousvisualizationmethods. Consideringthe shown exam-
plesandthe computedapproximationerrors,we conclude
that our approachprovidesa valuabletool for hierarchical
representationof time-varyingvolumedata.

Acknowledgments
This work was supportedby the National ScienceFoundationun-

der contractACI 9624034(CAREERAward), throughthe Large Scien-

ti�c andSoftwareDataSetVisualization(LSSDSV)programundercon-

tract ACI 9982251,and throughthe National Partnershipfor Advanced

ComputationalInfrastructure(NPACI); the National Institute of Mental

HealthandtheNationalScienceFoundationundercontractNIMH 2 P20

MH60975-06A2;the Army ResearchOf�ce undercontractARO 36598-

MA-RIP; andthe LawrenceLivermoreNationalLaboratoryunderASCI

ASAP Level-2 MemorandumAgreementB347878andunderMemoran-

dumAgreementB503159.Wealsoacknowledgethesupportof ALSTOM

Schilling RoboticsandSGI. We thankthe membersof the Visualization

andGraphicsResearchGroupat theCenterfor ImageProcessingandIn-

tegratedComputing(CIPIC)attheUniversityof California,Davis, andthe

membersof the DataScienceGroupat the Centerfor Applied Scienti�c

Computing(CASC)at theLawrenceLivermoreNationalLaboratory. We

especiallythankOliverKreylosfor supplyinguswith hisvolumerenderer.

References

[1] D. Anagnostou,T. J. Atherton, and A. E. Waterfall. 4d volume
renderingwith the shearwarp factorization. In R. Craw�s and
D. Cohen-Or, editors,Proceedingsof the ACM/IEEE VolumeVi-
sualizationand GraphicsSymposium2000,Salt Lake City, Utah,
pages129–137.ACM/IEEE,2000.

[2] M. Bertram. MultiresolutionModelingfor Scienti�c Visualization.
PhD thesis,Departmentof ComputerScience,University of Cali-
fornia,Davis, California,2000.

[3] M. Bertram,M. A. Duchaineau,B. Hamann,andK. I. Joy. Bicubic
subdivision-surfacewaveletsfor large-scaleisosurfacerepresenta-



tion andvisualization.In T. Ertl, B. Hamann,andA. Varshney, edi-
tors,Proceedingsof IEEEConferenceonVisualization2000, pages
389–396.IEEE,IEEE ComputerSocietyPress,2000.

[4] M. Bertram, D. E. Laney, M. A. Duchaineau,C. D. Hansen,
B. Hamann,andK. I. Joy. Wavelet representationof contoursets.
In T. Ertl, K. I. Joy, andA. Varshney, editors,Proceedingsof IEEE
Conference on Visualization 2001, pages303–310.IEEE, IEEE
ComputerSocietyPress,2001.

[5] P. Cignoni,C.Montani,E.Puppo,andR.Scopigno.Multiresolution
modelingandvisualizationof volumedata. IEEE Transactionson
VisualizationandComputerGraphics, 3(4):352–369,1997.

[6] A. CohenandI. Daubechies.Nonseparablebidimensionalwavelet
bases.Rev. Mat. Iberoamericana, 9(1):51–137,1993.

[7] T. GerstnerandR. Pajarola. Topologypreservingandcontrolled
topology simplifying multiresolution isosurface extraction. In
T. Ertl, B. Hamann,andA. Varshney, editors,Proceedingsof IEEE
Conference on Visualization 2000, pages259–266.IEEE, IEEE
ComputerSocietyPress,2000.

[8] R. GrossoandG. Greiner. Hierarchicalmeshesfor volumedata.
In F.-E.WolterandN. M. Patrikalakis,editors,Proceedingsof CGI
'98, Hanover, Germany, 1998.

[9] R. Grosso,C. Lürig, and T. Ertl. The multilevel �nite element
methodfor adaptive meshoptimizationandvisualizationof volume
data.In R. YagelandH. Hagen,editors,Proceedingsof IEEE Con-
ferenceon Visualization1997, pages135–142.IEEE, IEEE Com-
puterSocietyPress,1997.

[10] L. KettnerandJ. Snoeyink. Video: A prototypesystemfor visual-
izing time-dependentvolumedata. In In VideoProceedingsof the
17thACM SymposiumonComputationalGeometry, 2001.

[11] L. Kobbelt.
� �

-subdivision. In K. Akeley, editor, Proceedingsof
SIGGRAPH2000, ComputerGraphicsProceedings,Annual Con-
ferenceSeries,pages103–112.ACM, ACM Press/ ACM SIG-
GRAPH,2000.
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